BEYOND ENDOSCOPY: THE POISSON SUMMATION FORMULA AND
THE KUZNETSOV TRACE FORMULA ON GL,

ZHAOLIN LI

ABSTRACT. This paper develops a direct proof of the Poisson summation formula on the
Whittaker space of GLy based on local Hankel transforms. Utilizing this formula, we con-
struct a Kuznetsov-type trace formula valid for non-standard test functions. We show that
the functional equations for the standard L-functions of GLo arise as a natural consequence
of this summation identity, providing further evidence for the Beyond Endoscopy approach
to L-functions.
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1. INTRODUCTION

In 1859, B. Riemann represented the Riemann zeta function as the Mellin transform of a
theta series

7‘[‘_§F (g) g(s) = /(;OO y% ;e—nzwy dxy

and proved its functional equation using the Poisson summation formula for theta series; see
[Rieh9]. This idea was further developed by K. Iwasawa and J. Tate and was reformulated in
J. Tate’s thesis [Tat67] in the language of adeles, using local and global harmonic analysis. R.
Godement and H. Jacquet generalized this work to study the analytic properties of standard
automorphic L-functions of GL,. The key input from the harmonic analysis to Godement-
Jacquet theory is the classical Fourier transform on the affine space Mat,, of n x n matrices
and the global Poisson summation formula that is responsible for the functional equations
of standard L-functions.

Around the year 2000, A. Braverman and D. Kazhdan ([BK99, BK00, ?, ?]) proposed a
framework to establish the Langlands conjecture for general L-functions L(s,, p) via local
and global harmonic analysis, which generalizes the method of J. Tate’s thesis and the work of
R. Godement and H. Jacquet to great generality, which is refined by B.C. Ng6 in [Ngo20]. We
also refer the reader to [Luo24|, [LN24] and [?]. Under this framework, if generalized Fourier
transforms and Poisson summation formulae could be established, there is a hope to prove the
Langlands conjecture on the meromorphic continuation and global functional equations of
automorphic L-functions. The difficult part is establishing the Poisson summation formulae.
We also refer to [BK99, BK00, ?, 7] and [GL19, GL21, CG24]| for some cases. D. Jiang and
Z. Luo also established a version of Poisson summation formulae on G,, with automorphic
representations involved; see [JL23].

Another approach to the study of automorphic L-functions is through the lens of the func-
toriality conjecture. However, L-functions also play a central role in Langlands’s broader
vision of Beyond Endoscopy: they must be explicitly introduced to weight the trace for-
mula, and their residues at poles are then used to detect the image of functoriality lifts.
It is worth noting that the original idea involved weighting by the logarithmic derivatives
of L-functions, a method now recognized as particularly challenging to implement in this
context. Beyond Endoscopy has had limited success: In his thesis [Ven04], A. Venkatesh
successfully re-established functoriality from tori to GLs using the Kuznetsov trace formula.
S. Ali Altug’s work [?, 7, ?] isolated the contribution of special representations for GLg from
the Arthur-Selberg trace formula and showed that the standard L-functions do not pick up
functorial lifts in the cuspidal spectrum. A series of papers by P. Hermann [Herll, Her12]
also used the Kuznetsov trace formula to give a new proof of the analytic continuation and
functional equations of standard L-functions and Rankin-Selberg L-functions. As noted in
[Sak19b, Section 6], Hermann’s techniques bear a resemblance to H. Jacquet’s formula in
[Jac03]. However, certain aspects of Hermann’s arguments were later deemed unsatisfactory.
These issues were subsequently addressed in a recent work by [KL25b] and followed up in an-
other work [KL25a], where the authors adjusted some of the local assumptions. Nevertheless,
these studies remain limited to holomorphic modular forms and are heavily contingent on
analytic number-theoretic methods that are sensitive to specific local conditions. In contrast,
our approach is intrinsically structural, providing a uniform framework that encompasses all
cuspidal automorphic representations of GL, without such restrictive dependencies. While
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the functional equations for standard L-functions of GLy are well-established through clas-
sical methods, the derivation presented here, rooted in the spirit of the Beyond Endoscopy
program, is entirely novel. Our approach should be viewed as a non-trivial verification of
this Beyond Endoscopy framework. By recovering known analytic properties through the
Poisson summation formula and the trace formula, we provide a robust proof of evidence for
the utility of these methods in a more general, higher-rank setting.

Motivated by the work of [FLN10], one might consider employing non-standard test func-
tions in the trace formula, which would naturally lead to the appearance of L-functions in
the spectral expansion. By carefully analyzing the geometric side, one could potentially
extract information about L-functions. A key ingredient in this approach is a Poisson sum-
mation formula on the Hitchin base. As highlighted in [Sak23b], the Kuznetsov quotient
appears to serve as the foundation for all relative trace formulae. In this paper, we introduce
Godement-Jacquet test functions into the Kuznetsov trace formula and establish a global
Poisson summation formula corresponding to the local Hankel transforms computed by H.
Jacquet in [Jac03]. Specifically, we prove the commutativity of the following diagram:

Hstd,A

D} (sta.) (N(A), YA\GL2(A)/N(A), 9) D} (stav,3) (N(A), \GL2(A)/N(A), ¥)

KTF
\ KTF

C

to obtain the analytic continuation and functional equations of standard L-functions of GLs.
In the above diagram,

Dg(std,%) (N(A)a ¢\G(A)/N(A)7 1/)) = ®/”D;(std,%) (N,,, ¢V\GV/NV7 wu)
is the restricted tensor product of local spaces with basic vectors given in Definition 2.6, and

the local space D;( " 1)(N,,, ¥, \G,/N,,1,) is defined to be the space of orbital integrals of
std,3

Schwartz functions on Mats(k,) with a suitable normalization, see Definition 2.5. Using the
coordinates of the maximal torus, KTF has the following explicit expression:

KTF, (4000 () = 3 =20+ Y Ouralf)t) + Y OuaalPit).

1
teT(k) (dt)2 t1€kx tack®

a summation over the rational points of the maximal torus with boundary terms explicitly
given, which are hidden in the expression of local Hankel transforms. For unexplained
notations, see Section 2 and Section 3.

Notably, this paper relies solely on the local theory developed in [GJ72] and does not
invoke any global theory, including the global Poisson summation formula on Maty(A). This
represents a novel approach to establishing the analytic continuation and functional equations
of standard L-functions for GL,. One advantage of this method is that it avoids reliance on
the highly non-trivial Poisson summation formula for general reductive groups. Moreover,
this approach offers a more systematic framework for studying automorphic L-functions.
Provided that the appropriate local theory, as proposed in [Ngo20], is available, along with
the machinery of a general trace formula and Poisson summation formula on the level of
orbital integrals, the analytic continuation and functional equations can be derived. It is
also worth noting that Z. Luo and B. C. Ngo have recently made significant progress in the
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development of the local theory proposed by A. Braverman and D. Kazhdan, as detailed in
[LN24].

Motivated by the work [Sak19a] of Y. Sakellaridis, this paper presents two distinct proofs of
the Poisson summation formula. The first proof is indirect, achieved through a descent from
the Poisson summation formula on Mats(A). This part can be regarded as a verification
from the perspective of this paper. However, the primary focus is on the second proof,
which provides a direct, self-contained argument that relies on a two-step application of the
classical one-dimensional Poisson summation formula. The overarching principle guiding
this approach is that the establishment of local Hankel transforms on the level of orbital
integrals provides critical insights into the formulation of the boundary terms in the Poisson
summation formula. By decomposing local Hankel transforms into compositions of classical
Fourier transforms with appropriate correction factors, it becomes feasible to derive the
Poisson summation formula without explicit reference to the upstairs space. Once the Poisson
summation formula is established on the level of orbital integrals, it can be integrated into
the trace formula to derive the functional equations of automorphic L-functions, a central
objective of the latter part of this paper.

In this context, we construct a Kuznetsov-type trace formula utilizing non-standard test
functions coming from Schwartz functions on Mats. As anticipated, the geometric side of this
trace formula exhibits a close relationship with the Poisson summation formula developed
herein. On the spectral side, the expansion has been previously established in [Wu22]. When
examining the Eisenstein series component of the trace formula, it is expected to reduce to
the lower-rank case, specifically to the setting of J. Tate’s thesis [Tat67]. To isolate a single
cuspidal spectrum, we adopt a technique analogous to that employed in [Sak19a], interpreting
the trace formula as a measure on the unramified Hecke algebra. This methodology enables us
to establish the analytic continuation and functional equations of the standard L-functions.

A noteworthy phenomenon observed in this analysis is that, during analytic continuation,
the boundary terms arising from the Poisson summation formula manifest as residues of the
Eisenstein series component in the spectral expansion. These boundary terms, arising on
the geometric side, ultimately cancel against the corresponding contributions from Eisenstein
series. For a comprehensive treatment of these results, the reader is directed to Section 5
and Section 6.

The key elements of this paper are the Poisson summation formula on the level of orbital
integrals and the trace formula. In the Beyond Endoscopy program, by employing the non-
standard test functions in the trace formula, we can encode the information of L-functions
in the spectral expansion of the trace formula. The primary challenge on the geometric
side lies in formulating a Poisson summation formula. The central idea of this approach
is that we do not necessarily require a Poisson summation formula on the geometric space
itself; instead, a Poisson summation formula on the level of orbital integrals suffices for
applying the trace formula. In this framework, the local Hankel transforms serve as the
foundation of our Poisson summation formula. Just as we do in this paper, as long as we can
decompose the Hankel transforms into a composition of classical one-dimensional Fourier
transforms with certain correction factors, these classical Fourier transforms will guide us
in constructing a global Poisson summation formula. Rather than focusing on the Poisson
summation formula in the upstairs space, the Poisson summation formula on the level of
orbital integrals appears more attainable from this perspective. The remaining challenge
is to determine how to decompose the local Hankel transforms, a problem that remains
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unresolved in general. However, progress has been made in specific cases, as evidenced by

[Sak19b, Sak22, Sak23al.

1.1. Organization of the Paper. In Section 2, we will study properties of local orbital
integrals and recall the Hankel transforms established by H. Jacquet in [Jac03]. Then, in
Section 3, we will write down the global Poisson summation formula based on the local
Hankel transforms and give two proofs of it. In the following section, we will establish the
Kuznetsov trace formula with Schwartz functions from 2 x 2 matrices. This can be viewed
as one example of a trace formula with non-standard test functions. It turns out that the
Poisson summation formula that we constructed in the previous section is closely related to
the geometric side of the Kuznetsov trace formula. Then, in section 5, we will study the
analytic continuation of the geometric side and the Eisenstein series part from the spectrum
side of the trace formula. For the geometric side, we will use the Poisson summation formula
in Section 3, and the Eisenstein series part is essentially reduced to J. Tate’s thesis. Thus,
we can establish the analytic continuation of the cuspidal part. The next section will focus
on the functional equations. It also consists of two parts, the first of which is the functional
equations of the geometric part corresponding to the Poisson summation formula. Then,
we will compare the Eisenstein series parts according to the functional equations of the
GL; integrals and obtain the functional equations for the cuspidal part. Finally, in the
last section, we isolate the spectrum and obtain the analytic continuation and functional
equations of the standard L-functions for a single cuspidal representation.

1.2. Notations and Conventions.

e In Section 2, we will use F' to denote a local field, and use ¢ to denote an additive
character. In the later sections, we will use k to denote a global field, A its ring of
adeles, and ¢ : K\A — C* a global additive adelic character.

e We will reserve G to denote G = GLy in this paper. Let T be the universal Cartan
of GLs, which can be identified with the maximal torus consisting of all diagonal
matrices in GLy. Let N be the unipotent subgroup of G consisting of all strictly upper
triangular matrices. We also view ¢ as an additive character on N by identifying

NG, : ((1) T) —n. Let w = <(1) (1)) be the longest Weyl element, and B = TN.
By €/ (i = 1,2), we denote the character of the i-th coordinate of the torus of diagonal
elements, written additively. Write ef for the positive root, written multiplicatively.
e When the meaning is clear from the context, for a variety X over a local field F', we
denote the set of F-rational points X (F') simply by X. If X is over a global field k,
we will use [X] := X (k)\X(A) to denote its adelic quotient.
e Let € =N\G /N, then T can be embedded as an open subset of € via ¢ — wt.

e For a smooth function ¥ on G, we will use OF (¥) to denote its orbital integrals

Of’(\IJ) = /N . U (njwtng) " (n1ny) dng dne

fort € T.
e Since G acts on G both on the left and on the right, we will use L. and R to denote
its left and right action, and hence G also acts on functions of G by

L(g)®(z) :== ®(g~'x), R(9)®(z) := D(zg),
for g,x € G, and ® : G — C.
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e For a smooth variety X over a local field, we denote by F(X) the space of Schwartz
functions on the F-points of X. This means a smooth, rapid decay function in the
Archimedean case (see [AGO08]) and smooth functions of compact support in the
non-Archimedean case. Similarly, we will use S(X) to denote the space of Schwartz
measures and D(X) the space of Schwartz half-densities. Often X (F') is a homo-
geneous G(F')-space and admits an invariant positive measure dz, then we have
S(X) = F(X)dx and D(X) = F(X)(dz)z.

e For the notation of the Fourier transforms, let f be an half-density on T and A\ be
any cocharacter of T, s € C, we define

Fl (6 = / 2 () FN () 1€) A

whenever this integral makes sense.
e Let f be a one-variable function. We also use the usual Fourier transform on the
Affine line

Fy(f)(z) := y F)y~ (zy) dy

when the integral converges. When f is a multi-variable function, we will use Fy, ;(f)
to denote this Fourier transform for the ¢-th variable with other variables fixed. We

will also identify Maty, = A* : Tn Tiz) (211, 12, T21, T22) and use Fy,; to denote

T21 T22
the Fourier transform with respect to the i-th coordinate using this identification.

1.3. Acknowledgment. [ want to thank my advisor, Prof. Dihua Jiang, for providing
continued support and encouragement, and for providing practical and thought-provoking
viewpoints. I am very grateful to Prof. Yiannis Sakellaridis for his suggestions during the
number theory seminar at Johns Hopkins University. I would also like to thank Xinchen
Miao and Guodong Xi for many helpful conversations and comments.

2. LocAL THEORY

2.1. Spaces of Orbital Integrals. Let F' be a local field in this section. We will use op to
denote the ring of integers of F', w a uniformizer. Let G = GL,. We will use Mat, to denote
the space of 2 x 2 matrices. For the purpose of Hankel transforms that are responsible for
the functional equations, following [Sak19b], it is easier to work with half-densities, but one
may also freely transfer densities to functions and measures; see also [Sak19b].

Definition 2.1. Denote D(Matsy) the pull-back of Schwartz half-densities on Maty to GLy
via the natural embedding g — g. Note that a Schwartz half-density on Maty is of the form
®(2)(dTz)z, where ®(z) is a usual Schwartz function on Maty and d*x is an additive Haar

dtg .
[detgP?
the induced Haar measure on G. When there is no confusion, we will not distinguish the
Schwartz half-density on Maty and its pull-back to G.

measure on Maty. Then its pull-back to GLsy is |det g|®(g)(dg)z, where dg =

Remark 2.2. Here we consider the natural action of G X G on both G and Mat, by

z.(g1,92) = 91_1$927

for x € G or Maty and (g1,92) € G. Later, we will consider another embedding of G into
Maty wvia the inverse map and modify the G-action.
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Definition 2.3. For a smooth half-density \Il(g)(dg)% on G, we define its twisted push-
forward to the open subset T of € as

32 (1O (T)(dt)z,

where for t = (tl 0), o(t) =
0 t

O;/’(\I/) = / \If(nlwtm)z/fl(nlnz) dnq dno,
NxN
and dt is the Haar measure on the torus T such that
2.1) | vs= [ sworwa
¢! T
whenever this integral converges.

Remark 2.4. In the following, we fix an additive character v : F — C, and choose the
T11 T12
To1 22
being the self-dual Haar measure on the additive group F with respect to 1. Then we choose
dtyg

I Tdet g2
with respect to 1. Once all of these measures are chosen, the Haar measure dt on the torus
T is the one such that the integration formula (2.1) holds. Using these choices, when 1 is

unramified, we have / 1dt =1.

T(or)

Definition 2.5. The image of the twisted push-forward of D(Mats) is denoted by
D, sy (N A G/N, ).

More explicitly, for ® € F(Maty), the twisted push-forward of | det g\@(g)(dg)% to T is
| det |67 (£)OF (®)(dt)=.

Definition 2.6. We define the basic vector f° to be the twisted push-forward of Inats(op)s
the characteristic function of Maty(or).

Haar measure on Maty to be d¥x := day; dxis doy dags for x = with each dw;;

We also choose the Haar measure on N to be the self-dual Haar measure

Proposition 2.7. The restriction of f° to T(op) is (dt)2 in the case that ¥ is unramified.
Proof. Note that we have

1 nq 0 tg 1 n2\ tml t1n1n2 + tg

0 1 t1 0 0 1) \t t1ng .

So in the case that 1,y € 05,

(6 ) (1 &) (6 %) e Matator)

if and only if ny,ns € 0p. So we have Of’ (Inmats(o)) = 1 under the above conditions when
t € T(op). Note that |dett| = 62(t) = 1 as well in such a case, so folrer) = (dt)z. O
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f(th )
" | det |62 (t)
can be extended across O smoothly. The extended function on F is a usual Schwartz function

Proposition 2.8. For fized t; # 0 (dt)% 1s of Schwartz type when ts — 0o, and

on F, where t = (7501 ; ) Moreover, when F' is non-Archimedean and t; € oy,
2
fo(th ) 1
————(dt)2 = L. ().
|det t|62 ()

Proof. Assume f is the twisted push-forward of ®(z)(d*z)z, where ® € F(Mat,), then

f 1 n 0 tz 1 Mo 1
|dett|5%(t)(dt)%(tl’t2):/FxFq)<(0 1> <t1 0) <0 1))w (ny + ng) dny dns.

Note that
1 s 0 tg 1 ng\ t1n1 t1n1n2 + tg
0 1 t; 0/J\0 1) \ ¢4 t1ng ’

for fixed t; € F*, since the function ® is of Schwartz type on Maty, by looking at the
(1,2)-entry and the (2, 1)-entry, this integral can be bounded by an integrable function that
is independent of %5, then by the dominant convergence theorem, we have

£2(6 ) 56 )i

1 nq 0 0 1 N9 1
— FXF@((O 1) <t1 O) (0 1>)w (n1+n2)dn1dn2, t2—>0

When t, — 0o, when F'is non-Archimedean, when ¢1n; and t3n4 are both in some compact
set, to + tining — 00 as ty — oo since t; € F* is fixed, which means this integral is zero.
The second claim is clear.

When F' is Archimedean, since for any differential operator with polynomial coefficient D,
we have D® is still a Schwartz function, then by dominant convergence theorem again we

f(t1,)

1. . . .
see (dt)z is a smooth function near 0. When ¢, is near oo, since

| det ¢|62 (¢)
ninz t
/ @((”1 no T 2)>‘dn1dn2<<1.
[n1|2+|na |21 11 N2
and
—N
ning t
/ @(("1 0t 2))' dnpdng < |2 4 gyl < 1+t 7Y,
1 |22 |2 <1 ty no 1
then
t1, - 1 B
) ap < Y.
| det |53 (¢)

Since again the derivatives of ® is still a Schwartz function, we see all the derivatives of
f(tla') f(tla)

b , —————( dt)% is a Schwartz function. O
| det t|02 () | det |02 ()

(dt)% are of rapid decay at oo, i.e.
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Motivated by the Hankel transform in Section 2.2 calculated by [Jac03] and the global
application, let us introduce the following intermediate half-densities and normalized inter-
mediate functions:

Definition 2.9. Let f € D’ (N, »\G/N, ), we define its intermediate half-density as

(std,%)

o =p(—e) o F¥ (f),

€253
where (—e*) is the multiplication (tl 0) — 1 (—i—f) We define the normalized inter-

0 t
mediate function

Gr(t) = M’

P (d)?

o

t1
to

_(ti O
wheret-(o t2>'

Lemma 2.10. If we write f = | det t|62 (¢)O,(®), then

ittt = lnlo (=) Foal0, @) (-1 )

b

where Fy, o is the Fourier transform with respect to the second variable, which makes sense
according to Proposition 2.8.

Proof. Write f = [t1|2 |t2]2O0%(ty, t5)(dt)2 with ® € F(Maty). Then we have

I_Jin (f)(tl’ t2) = f(t1, tzx)LD(l')’x‘% d*x

1
2 X
:/ a2z FOL(tr, ta2) (d8) () 2]} d7a
F
By making a change of variable z ~ ¢, 'z, we get

figé (f)(t1, t2)
(dt)?

NI / OL(ty, ) (t; ) da.
F

Proposition 2.11. For fized ty € F*, ©¢(-,t2) is of Schwartz type near co, and
1(0,82) := lim g (b, 1)

exists. So for fived ty € F*, pr(-,t3) is a Schwartz function on F. Moreover, when ty € o},
and v 1s unramified,

@re(t2) = Tog ().

Proof. Let us expand Oi, then Fw’g(ozﬁl .)(CI))) (_L) is

o (B T HBmI) o ) doy dny (5 0) da
FJFxF t tma
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Let x + tyning — z, ting — nq and t1ny > na, we have the above is

n, T _1 [ n1+ne xly — ning 9
d t dn; dny dz.
/. ((u n2)>¢ ( . )w( = )|1| 1 dny da

Therefore we have
(2.2)

]:ipeg,%(f)(tl?h) _ |f, ; |_% / o ny x 1,0 E w _Tll + no B NNy A drs dn
(dt)% e F3 1 no to t1 t1ts ! 2

1 1 ng 1
(23) = ‘tltgy_i / IF¢ 1Fw 7P t1 + tita t2 w —@ dns.
F ’ ’ t1 o t

Make a change of variable that ny = tit32 — to, then we have

]:'ﬁ;%/,%(f)(tl;tZ) oo e w ool —1 t , .
= 2 2 -
(dt)? e / e ((t tltzz—tz»”’(tl ) -

Therefore,

—~ z -1
(,Df(tl,tg) = ’t2| /FIFw’le’QCI) ((tl t1t22t2_ tQ)) ”¢ (—tzz) dz.

Then ¢;(-,t2) is a Schwartz function of ¢; for fixed ¢, € F*.
When F'is non-Archimedean, t5 € 0™ and v is unramified, we can choose

D =Pip =Dy =Dy =1

[y abl

then we have
@j(t17t2) = 1Mat2(oF)(t1)/ 1Mat2(0F)(2)1M3t2(0F)(t12)¢71(2) dZ = 10F(t1)'
F

O

Let Maty be the dual space of Maty, which can be identified with Maty via the trace
pairing. But we embed G — Mat, via the inverse map g — ¢!, and the action is given by
X(g1,92) = g5 Xg1. Then G — Maty is G x G-equivariant.

Definition 2.12. Let D(Maty) be the pull-back of Schwartz half-densities of Maty to G

via the above embedding. In this case, for ® € S(Maty), the pull-back of @(a:)(da:)% is

|det g| 2@ (g~ 1) (dg)z. We use D;( v 1)(N,Q,D\G/N, 1Y) to be the image of the twisted push-
std*, 3

forward of D(Maty) to the open subset T of €. More explicitly, the twisted push-forward of
| det g| 1@ (g7")(dg)? is

D=

| det t| 162 (t) / ®((nywtng) Y (niny) dny dng - (dt)2 = | det ¢|7162 ()0, (®)(dt)z.

wt— 1w
NxN

Definition 2.13. We write >V for the basic vector that is defined to be the twisted push-
forward of 1MatQV(0F)(dx)% € S(Maty).

Similar to the above case, we have

Proposition 2.14. The restriction of f> to T(op) is (dt)2 in the case that 1 is unramified.
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We also have the exact proofs of the parallel version of Proposition 2.8 and Proposition
2.11.

f(() " o)

- (dt)% can be extended to a Schwartz
| det t| 163 (t)

Proposition 2.15. For fized ty # 0,

function on F, where t = (tl 0) :
0 to

Definition 2.16. Let [ € D; (N, ¥\G/N, ), we define its intermediate half-density

as

(stdv,%)
Vg = 0N (—e™) o Fuy 1 (f),

where 11 (—e®) is still the multiplication (tl O) ! (—t—Z) We define the normalized

t1

intermediate function.

_(t1 O
wheret—(o t2>'

Lemma 2.17. If we write f = | det¢|~163()O% ", (®), then

wt— 1w

Torttn ) = Il (<) Fu a0 (@) (1),

where Fy, 5 is the Fourier transform with respect to the second variable, which makes sense
according to Proposition 2.8.

Proof. The proof is the same as Lemma 2.10. O

Proposition 2.18. If we write [ = |dett]_15%(t)OZ;jlw(¢), then for fixed t, € F*,
Vor(ty, (4)7h) is of Schwartz type on F. In particular,

Voo — lim Voo
pr(tr, 00) = lim Voy(ti,tz)
er1sts.
Proof. The proof is the same as Proposition 2.11. O

2.2. Hankel Transform. Consider the classical Fourier transform F(Maty) — F(Mat,)
on the space of matrices:

B(z) > B(x),
where

B(x) = /M Bty d,

Then ® — @ is G x G-equivariant with respect to the G x G actions on Mat, and Mat.,
that we defined in the previous section. This Fourier transform induces a Fourier transform
F on D(Maty) — D(Maty) : ®(z)(dz)z — ®(z)(dz)z. This Fourier transform descends to
the level of orbital integrals, and we have a beautiful formula to describe it on the level of
orbital integrals.
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Theorem 2.19 ([Jac03, Sak19b]). We have a commutative diagram

D(Mats) o » D(Maty)

l |

D, gy N ONG/Nw) — D (N \G/N, )

and Hgq 15 given by the following formula
7-[std:-;_VIO,QZ)(_e_O[I)O-; vo1l-
€12 —€2,3

Remark 2.20. The calculation of this descent of the Fourier transform for general GL,, first
appeared in [Jac03, Theorem 1|, and was written in the above form in [Sak19b, Theorem 8.1].

For the convenience of later reference and further comparison with the notations in [Jac03],
let us copy the proof of [Sak19b, Theorem 8.1] here.

Proof. Let ® € F(Maty), recall that [Jac03] used the notation
Q@97 t) = / ®("nitng)h ™ (ning) dny dny
NxN

to denote the orbital integral. Note that 'n; = wtw, so we have Q(®,9~" : ¢) = Opw)a(t)-
And in [Jac03], the normalization is

Q@, 07" 1 t) == [6|Q@, 0" 1 ),
so if we write f(t) for the twisted push-forward of |det g|®(9)(dg)z, then we have f(t) =
It |2 Q(L(w)®, 1« t)(dt)2.
Since the Fourier transform of | det g|®(g)(dg)z is ®(z)(dz)z on Maty, whose pull-back
to G is | det g|'®(g~1)(dg)2. Then, its twisted push-forward is
|dett|_15l/2(t)/ O (nyw - wtw - n2)Y(niny) dng dns - (dt)%,
NxN
which is

N[

|dett|1(55(t)/ O (w'nywt ™ wng ) (ning) dny dny - (dt)2,
NxN

and this is [¢1ts| 2 Q(L(w)®, 1, wt~'w)(dt)2. Note that we have L(w)® = (L(w)®)" using
the notation of [Jac03]. Then we have

filv Lo(—eM)o ﬂ ()t t2)

v ((51,52 ’—>¢( ) % b1752))

— [ e (—pt—) F o (Dpit, 1)

1it1) %22

M

/ 21k w(Pl)w (‘t—2>/ ’p2’l¢(p2)f(p1tlap2t2) d*pyd*p
p FX

1t

/ / |p1p2| (G <P1 + p2 — ) f(pit1, pata) d*pad™py.
Fx JFXx 1t1
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Make use of the relation that f(t) = |tita|2Q((w, 1)®, ¢~ : ¢)(dt)z, we have the above is

//|p1p2| @/}(pl +P2—ﬁ> [p1tipata|? Q(( e, 9 (pl()t1 p2()t2>)

dpltl) (dp2t2) 2 d*pad*py

1 t ~ _ t 0 1 1
= [ [t (p1+p2——2)9 ((w,1><1>,w <p101 t )) dpadpy - (dt)}(dta)?
FJF tq Pat2
= |t1t2|_% Q/J & —+ 12 — t—2 ﬁ (U), 1)(1), w—l . p1 0 dpg dpl(dtl)%(dtg)
FJF tir ta m 0 po

_1x Vi t2_1 0
= [t1ta| 72 | (L(w)®)", ¢ : 0 1 (dt)
1
- 7—[stzd(f)7
where the last but two equality is [Jac03, Theorem 1]. O

=

D=

Remark 2.21. Using the notation in Proposition 2.9, we have

Haal(f) = F2 oy 1 (0r)-

1
2

More explicitly, we have

1

= |tits| 2Py 1 (F7 (-, 2)) (_t_> '

1

Also note that H ) = .7::/;_; op~H—e )0 .75:?_;, then for f € DZ(SW l)(N,w\(}/N,w),
we have -
Had(F) = F5 1 (V0).
and
Hstd(f)
(dt)2

(t1,t2) = |t1to|2 / Vor(ty, o)y (aty) da
F

= |tata| 2 F o1 2(Voop (t1, () 7Y) (—ta) -

Let ‘H := H(G, G(0)) be the spherical Hecke algebra, which acts on G(o)-invariant func-
tions on G by convolution:

hx flg) = /G h(eg™)f(g)dg, h e H,g € G.

Then, to isolate the global spectrum in Section 7, we need the following fundamental lemma
for spherical Hecke algebra:

Proposition 2.22. Let ® be a Schwartz function on Matsy, then for h € H, we have have
hx® = (h(-)| det-|2) x D
as functions on G. In particular, if 1 is unramified, we have

hx Itaty(o) = (A(-)| det -|?) % Ingaty (o)-
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Proof.

hx @(x) hox @(y)y(tr(yz~")) d*y

Mato

/.
/Mm / (yg~ )2 (g) dgip(tr(ya™")) d¥y
[

/M t D (gy) dgt(tr(yz™")) dry
—1/h@ )/ B(y)o(tr(yatg™))| det g > d*y
G Mato
=:/wag-l>6<gx>|detgr—2dg

— [ hlag™)|det g () dg
G

—

In particular, if ¢ is unramified, we have lyjag, (0) = lnat, (0), then

hox Itata(e) = (A(-)| det-[*) % Ingagy (o)-
O
2.3. Irregular Distributions. In this section, we consider two types of irregular distribu-
tions on the space of orbital integrals that contribute to the boundary terms in the global

Poisson summation formula.
Due to Proposition 2.8, we have the following definition

Definition 2.23. We define the first type irregular distribution on D;( " 1)(N,¢\G/N,¢)
std3
as the following:

Ou,l(f)(tl) = tl;glo |dett| %( )(dt)% (tl,tg), f - D;(Std,%)(N,lp\G/N,@ZJ), t] € FX,

_(ti O
wheret-(o t2>'

We have a parallel version for the dual side D;( v 1)(N, P\G/N,):
std®3

~

Definition 2.24. We define the first type irreqular distribution on DZ( v 1)(N, P\G/N, 1)
stdv,5
as the following:

v = | /
Oua(f)(t2) == lim | det¢[~162 (¢)(dt)?

_(ti O
wheret-(o t2>'

We need the following easy lemma in Section 3.3:

Lemma 2.25. If the half-density is of the form Hga(f) for some f € DL<Std’%)(N, P\G/N, 1),
then we have

(ti,t2), f € 'Dg(stdv’%)(N,’L/J\G/N,Iﬁ), ty € F*,

Oua(Hawa(f))(t2) = [t2lFy1 (07 (- £2))(0).
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Proof. This follows from Remark 2.21 directly. O

Motivated by Theorem 2.19 and Proposition 2.11, we have the following second type
irregular distributions

Definition 2.26. We define the second type irreqular distribution on D;(std l)(N, P\G/N, 1)
in the following way:
Oua(f)(t2) == 07(0,12),t2 € F.

To relate it to orbital integrals of the upstairs function, it turns out that it comes from
the central orbital integral. Let ®(x) be a Schwartz function on Mats, and z € F*, consider
the orbital integral

bo(2) = / (21, - n)u () dn,
N
where the notation indicates that it is related to the function ¢ used in [Jac03]. We have

Proposition 2.27.

da(2) = |21 @7 (0, —2),
where f is the twisted push forward of ®(x)(dz)2 and @y is the normalized intermediate
function of f defined in Definition 2.9.

Proof. Using the notations in [Jac03], ¢¢(2) = Q((w, 1)@, : wz). According to [Jac03,
Proposition 4], ¢¢(2) is a smooth function with compact support on F*, and is given by

ou) = 17 [0 ((@voriw: (757 ))) dn

-1

Note that Q2 (((w, 1)®)Y, 4 : <_Z 0)) = Haal/) (t7, —z)|t1|_%|z|%, so the above inte-

0 & (dt)>
gral is
/Hsm({)(tll,—z)]tl\5|z\3dt1:/ Hstd({)(tl,_z)ybzr%dtl'
COE Fo(dt)3

According to Remark 2.21, we have
Hea(F) (01, —2) = Fiy 1 (07) (01, —2)

€

_ / (s =)t ) de - |t H ] H(dt)b ()b
F

= Fy 1 (87)(—t7Y, —2)[ta| 72 ]2| "2 (dty)2 (d2)?.
Hs _3

/ td({)(tl,—z)|tlz| 2 dt,

Fo(dt)2

= [ Fua@ -t =22
F

= |27 (0, —2)
according to the Fourier inversion formula since ¢¢(-, z) is a Schwartz function on F for fixed
z € F* due to Proposition 2.11.

N

Therefore

4
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We also have the counterpart for the dual space D;(stdvv ) )(N, P\G/N, ).

Definition 2.28. We define the second type irreqular distribution on D (s, 1)(N P\G/N, )

in the following way:
OLa() (1) == Ts(t1,00), ] € Dy (NJUAG/N, )11 € P

Let ® € S(Maty ), consider the corresponding integral

Vou(z) = / (=T, - n)(n) dn,
N
we have

Proposition 2.29.
Vou(z) = |2* - Vep(—27 00),
1
2

where [ is the twisted push forward of ®(x)(d*z)z, and V(p 7 is the normalized intermediate
function of f defined in Definition 2.16.

Proof. Using the notations in [Jac03], ¢g(z) = Q((w,1)®,1 : wz). According to [Jac03,
Proposition 4] again, ¢y (z) is a smooth function with compact support on F*, and is given

by
os) = [ o (oo (7)) i

—z 0 H_l (f) 1 3

Note that (((w, @)Y,y < )) = S (2 1) |te|"2]2|2, so the above inte-
0 1 (dt)z

gral is

Hea(f) 18 Hoa(f) - -2
2.4 st ()|t 2z2dt:/Ll—z,tltzl2dt.
ey [ TPl an = [ T g
According to Remark 2.21, we have
Hoa(N)(=26") = Foy 1 (Vo) (=2, 857
:/chf(—z,x_l)@b_l(tg_lm) dz - |ta] 2 |2]2 (dts)2(d2)?
F

= Fy15("B7(—2, ()) (~t3 V) [ta] 72 ]2]7 (dta) 7 (d2)7.

Therefore
-1
/ Hstd({) (—Z, t51)|f;2271|7% dt,
Fo(dt)z
— [ Feal G (0 (-l P e
= |Z|2V(pf(_za OO)
according to the Fourier inversion formula again. O

Let us conclude this section with another lemma that will be used in Section 3.3:
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Lemma 2.30. Let f € D;( " 1)(N,lp\Gr/N, V), then we have
st

Ou2(Hsta(f))(2) = [2I’Fy2(O (2,1 () (0)
if f is the twisted push-forward of q)(x)(dJ’a:)%.

Proof. According to (2.4), in the case that f is the twisted push-forward of ®(z)(d*z)z, we
have

OV 5(Haa(f))(2) = / | — 2|2 |t2]2 O (—2, o) |t2] 22| dts = |2PFy2(O...())(0).

3. GLOBAL THEORY

3.1. Orbital Integrals, Hankel Transforms, and the Poisson Summation Formula.

In the following sections, let k£ be a global field, and for each place v of k, we set k, to be the

completion of k£ at v. Write 0, and w, for the ring of integers and a local uniformizer if v is a

finite place. Let A be the ring of adeles of k. We fix an adelic character 1) = ®/ 1, : A/k — C.

To emphasize the place v, we will use D(Mat,, ), D(Mat,), D;(Std l>(N,,,wl,\(;‘rl,/N,,,z/),,),
’2

D;( v 1)(N,,, ¥, \G,/N,,1,) to denote the local spaces that we defined in Section 2.1 when
std*,3

F = k,. We will use fg and fo" to denote the basic vectors, and Hgq, to be the Hankel

v v . o
transform. We also use Oy1,, Oy 1., Ou2, and O, 5, to denote the irregular distributions.

We will also use Fy, ,F,, ; to denote the local Fourier transform with respect to 1, the
partial Fourier transforms with the i-th variable, and will use Fy = @, Fy, ,Fy ;4 = @ F,, ;
to denote their global versions.

Definition 3.1. We define the global space of orbital integrals
D;(std,%) (N(A)7 w\G(A) /N(A)a w) = ®:’D£(std,%) (Nua wu\Gu/Nlla wu)a

where the restricted tensor product is taken with respect to the basic vectors f.. We define
D;(std‘/ l)(N(A),fgb\G(A)/N(A),w) in a similar way.

Remark 3.2. Thanks to Proposition 2.7, the restriction of f2 to T(0,) is (dt,)2 for almost
all v, then we can identify D;(Std l)(N(A), P\G(A)/N(A), 1) as half-densities on T(A).
According to Proposition 2.22, we can define a global Hankel transform

Hetan = @ Hta : Dg(std,%)(N(A), P\G(A)/N(A), ¢) — D;@tdv,%)(N(A), P\G(A)/N(A), ¢).

Now, we state the global Poisson summation formula on the level of orbital integrals. Let

fe DZ(Std l)(N(A), P\G(A)/N(A),v), we first define
Definition 3.3.

KTF () (f) = >

teT (k)

f
(dt)z

(t) + Z Ouia(f)(t) + Z Ou2a(f)(t2),

t1€k* to€kX

where Oy1a = ®,0u1, and Oyap = @042,
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Similarly for f € D;(stdv l)(N(A),w\G(A)/N(A),@b), we define

(dt)% ZoulA ZOUQA

to€kX t1€kX

KTFL(Sth’%) (f) - tETZ(k)

where O/, , = ®,0y , and Oy 24 = ®,0,

v~u,lv v~u,2,v"
We need the followmg lemmas to guarantee the absolute convergence of the sums in the

above Definition 3.3.

Lemma 3.4.

For f €Dy 1y (NA), G\G(A)/N(A),0) (resp. D, 1) (N(A), 6\GA)/N(A), ), we
have
1 —(t) s absolutely convergent.
()teTZ(k:)(dt)Q() y g
Z Ou1a(f)(t1) (resp. Z Ou1.4(f)(t2)) is absolutely convergent.
t1ekx tockx
Z Ou2.a(f)(t2) (resp. Z OuQA )(t1)) is absolutely convergent.
tockx t1ekx

Proof. We only prove the statements for f € ’D;(Std l)(N(A), P\G(A)/N(A), ). Let @ be a

Schwartz function on Mats(A) such that f is the twisted push-forward of <I>(a:)(da:) Let
us consider (1) and (2) together.
Note that we have

+ Z OulA

l
teT(k) (dt)2 Fpa?
ti 0 .
— Z D | nqw 0 ¢ ny | ¥ (n1n2) dny dny
t1ekx tock | N(A)XN(A) 2
= Z / P ((tml tining + t2)) ‘ dny dng
- trekx tock Y N(A)XN(A) ty tins

We may assume @ is positive, and applying the Poisson summation formula, we have

t1n1 t1n1n2+t2 . tml tQ
() e () se
2€

tock
t1n1 tg
o (502

which is bounded by

D

to€k

Therefore, (1) and (2) are proved.



POISSON SUMMATION FORMULA AND KUZNETSOV TRACE FORMULA ON GL2 19

As for (3), according to Proposition 2.27, we have

D 1Ouaa( ) =D /I\I(A)‘I’(Zb'”)%b_l(") dn

tack™ z€k*
o (1)

<Z/

z€kX

N(A)

which converges absolutely.

Then we have the following Poisson summation formula

Theorem 3.5. For f € DL(Stdé)(N(A),w\G(A)/N(A),w), we have

KTF (1) (f) = KTF 0 1) (Hstaa(£))-

3.2. Poisson Summation Formula: An Indirect Proof. In this section, we give an
indirect proof of the Poisson summation formula, which is based on the classical Poisson
summation formula on the upstairs spaces Mato(A) and Maty (A). The more important
thing in the view of this paper is the direct proof from the next section, and this section can
be viewed as a double-check that Theorem 3.5 coincides with the classical one. The reader
may also skip this section and move to the next section.

proof of Theorem 3.5. By linearity, we may assume f = ®/ f,, with each f, being the twisted
push-forward of some ®,(x) € S(Maty,). Let & = ®,®, € S(Maty(A)). Consider the

integral
1 1 B
/ / ((0 ”11) v (() 7112)> Y™ (ny + ng) dny dny.
A TE\A  eMats (k)

A first observation is that we have the double coset decomposition

Mat,(k) = B(k)wB(k) | |B(k)| |[{g € Mata(k) | g # 0,det g = 0} | |{0}.

For the open Brahut cell, we have

1 ny 1 No _1
dn; d
/\A /\A’YEB(k)wB(If) ((O 1 > g (0 1 >) Y (ng + ng) dny dng
/k\A /k\A Z Z ((1 nl) 01wz (1 nf)) Y7 (n1 + ng) dng dno

~eT(k) §1€N(k) d2€N(k)

// > ((1 nl) wy (é nf))”tbl(nl—i—ng)dnldnz

+ET ()
7;,6) 1:[/ / <(1 nl) wy ((1) ?)) ¥, (ng + no) dny dny

=2

yeT k)

MI»—-
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For the sum over B(k), we have

1 1 )
/ / (( TT)W<O 7112)>¢ H(ny + ng) dny dny
maJia Sg
1 n 1 N9 _1
0o 1)\ 1))¥ (N1 4 ng) do dy
F\ATE\A GT(k)cSeN(k:)
1 n1> (1 n2> 1 ) 1
Y Y ey ) T (4 ng) dng dns.
/aceA /yek\A ((0 1 0 1 17+ N2)dng dny

Note that we have for v = (% 0 ),
0 7

7 0 I ng\ (7 O _1_ 1 mv; 'ng
O Y2 0 1 0 Y2 o O 1 !

and make a change of variable by y + v; 'y2y and 2 +— 2 — y, the above integral becomes

1 _ _
/ / (( n1> ’Y) Y7 (n1 — no + 71 'yane) dny dna,
z€A Jyck\A

with the integral over y being non-zero only when v, = 5, in which case it is equal to

> Jx (o 1))t

vyEZ(k

~eT(k

where Z is the center of GL, consisting of scalar matrices. This inner integral admits an

Euler product
1 =z _
I1/ e ((O 1) v) ¥\ (@) da,

which according to Proposition 2.27 is
> Ouzalf)(t2)
to€kX

Next, for the rank 1 matrices, it turns out that the only non-zero-sum is the following

1 1
L) ()2 7))o
FAA JE\A 0Fy= 712750 det v=0

We can simplify the above sum, which is

[ s s e((3)a(e Do w)e oo

t1€k* §1€N(k) 62€N(k)
1 ni 0O 0 1 Noy .
Z// (( > (tl 0) (O 1))770 (n1 + ng) dny dn,
tr€kx
Also, note that this sum is nothing but

Y Ouralf)(t)

t1€EEX
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Then, the integral we start with is just

Z Z OulA Z Ou2A = KTF (std,%)(f>'

teT(k) tiekx toek

mh—t

(dt)

For fixed ny,ns € N(A), we have the usual Poisson summation formula

Yo Bmyme) = D d(ng'ynr?),

~yEMats (k) ~vyEMaty (k)

where  := ®’V(f>: is the Fourier transform of ®. Then we have

I n 1 n B
/k\A /k\A ((O 11) v (() 12>> (G 1(”1 + ng) dny dng
- / / ((1 _m),y(l _n2)>¢1(n1+n2) S
nadna i, W\ 0 1

/\A /\A ((é nll> v ((1) 712)> Y(ny + ny) dz dy

by changing n; to —n, and ny to —ny. Similarly, we have

Maty (k) = B(k)wB(k) | |B(k)| |{g € Maty (k) | g # 0, det g = 0} |_|{0},

and the same computation shows that

/\A/\A ‘T’((é Til>7<(1) 712)>1/1(n1+n2)dn1dn2: 3 %A)(%n(t)’

~EB(k) wB(k )CMaty teT(k)

/k\A /k\A <((1) 77;) v ((1) 7112) ) ¥(n1 + n2) dny dny

= > Oy s (Haan () (1),

t1€kX

/k\A /k\A Z @ (((1) 7?) v ((1) 712))“7“ + ng) dny dny

0#£y=(4;),71270,det y=0
= Oy a(Haan(f))(t2).

to€kX

yEMata (

which is

~yEMat" (k)

~vEB(k)CMaty

and

Therefore, we obtain

KTFL(Std’%) (f) = KTFL(sth,%) (Hstan(f))-
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3.3. Poisson Summation Formula: A Direct Proof. In this section, we will use the
local properties we established in Section 2.1 and a two-step classical one-dimensional Poisson
Summation Formula to prove Theorem 3.5 directly. This is compatible with the local Hankel
transform in the sense that the local Hankel transform is a composition of two Fourier
transforms with some mysterious correction factors. The point of this section is that we
can give a proof of Theorem 3.5 independent of the Poisson summation formula on the
upstairs space, which has the potential to be generalized to other reductive groups and
Hankel transforms. This may be used to establish analytic properties of general automorphic
L-functions.

To begin with, let us assume f = ®/ f,. For each f,, recall that we have the intermediate
half-densities and normalized intermediate functions defined in Definition 2.9:

pu = (=) 0 FU, L (F),

and write g7 := ®),0,.
Lemma 3.6. For f € DZ(Std l)(N(A),1ZJ\G}(A)/N(A),¢), we have

S Hasll) ) S 00, s = S Flt ),

teT (k) (dt)z taekX t1€k,tackX

_(t1 O
wheret—<0 t2>'

Proof. According to Remark 2.21, we have

Hotaw (fr) (o _ 1, =21, (L T
W(t) = [t1] "2 [t2] /k oo (t1, t2)Y <t1> dz,

Zﬂzt;’iggf)(t)z Y Foaa@iota) (_%)

teT(k) (t1,t2)EkX x kX

hence

since |t1| = |ta] = 1 for t1,t5 € k*. Thanks to Lemma 2.25, we have

O 1 a(Haan(f) = Y [talFy1a (@7 (-, = Fyaal@7(-2))(0).

to€kX to€kX

Combining them, we have

S HaaalD iy oSS 01 M () (82)

teT(k) ( dt ta€kX
= Y Fus@em) (——) S By a(d5(1))(0)
(t1,t2) kX x kX b tackx

= 3 Y Fuaa(@i 1)) (t):

to€k* t1€L
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since @y is a function of Schwartz type according to Proposition

Then, for each fixed t, € k*,
2.11, we can apply the classical Poisson summation formula to obtain the above is

Y. erltit).

t1Ek,to€k™
]

Lemma 3.7. We have
Z pr(ti,tz) — Z Ouzalf Z Opon(Hstan(f)) (1)
t1Ek,ta€kX to€k> t1€kX
=D + > Ouialf

= 7 (
teT(k) (dt)2 tr€kX

Proof. According to Definition 2.26, we have

Y Ouzalf) =Y 65(0.t2).
tackX

to€kX
), then according to Lemma 2.30, we

Write f, = |det t],02 (¢)Oy(®,) and O(®) = @,O,(®
have
OV on(Hsan(f) = D 12 Fp2a(OC2)(@)(0) = Y Fyza(O - (®))(0).
z€kX

z€kX

(©))(0)

Therefore, the left-hand side of the equality in this lemma is

}E: ¢7 0 t2 + 2{: EQ,QA CQ( z,

> Prltat) —
t1€k ta€k> to€kX z€kX

= Y Grltita) + Y Fuoa(O.)(®))(0).
tlekx¢2€kx zek>

Use Lemma 2.10, we have the above is
1
1)+ 3 B @0

t
A (-f) Fy2,4(O.(P)) ( 7
t1EEX to€kX z€kX
> FuealOup@®) (-1 )+ ¥ FoaalOca(@)O

z€kX

t1€kX ta€k™

=D ) Fy2a(Ou.

t1€EX ta€k

®))(t2)-
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According to Proposition 2.8, for each t; € k*, O, .y(®) is a function of Schwartz type, we
can apply the Poisson summation formula to it. Therefore we obtain

S Fuon(Opo@)(t) = 3 S 0w (@)

tiekXx ta€k t1€kX ta€k
= Z O(t1,t2)(q>) + Z O(tl,O)(q))
tlekx,tQEkx t1€kX
= =+ ) Ouialf
teT(k) (dt) ? trekx

Combining these two lemmas, we get Theorem 3.5.

4. KuzNETSOV TRACE FORMULA WITH GODEMENT-JACQUET SECTIONS

In this section, we will first establish a Kuznetsov-type trace formula with test functions
being the Schwartz functions on the space of 2 x 2 matrices. This is one example of a trace
formula with non-standard test functions. The geometric side will be related to Theorem
3.5, which allows us to apply the Poisson summation formula on the geometric side. The
spectrum side has already been studied in [Wu22].

Let ® be a Schwartz function on Maty(A). Then for s € C with Re(s) > 1, we have
g — ®(g)|detg|® - |det g| € L'(GLy). For any unitary idele class character w, consider the
right regular action R, on £2(GLgy(k)\GLy(A),w). By calculating the Whittaker period of
the kernel function of R(®(-)|det -|*T!), we will prove the following

Theorem 4.1. For ® € F(Maty(A)), and s € C with Re(s) > 1, we have

1 1y
= | KTFR.(®(z)(dTx)2))w(2)|z[* d*z
T [, K@) Do)

- ¥ 3 Z (s + % D, B2, wY)) WY (I)W, " (1)

7 cuspidal,wr=w @1.02€B(m

[e.o]

N Z / Z z <S+; q> 5”(62,61)) WY (ir, e1) (1)WY (—ir, 65)(1>d—;

XERerAX T eq,e2€B(x,wx L)
+/ K'(ny,n2)0 " (ny 'ny) dny dny,
[N]x[N]

with the last term being the Whittaker function of the Fisenstein series. For the undefined
terms, see the mext two sections.

4.1. The Spectrum Side of the Trace Formula. First, let us set up notation on the
spectral side. We fix a section of the adelic norm map |- | : A* — R, and identify R, as a
subgroup of A*. Let w be a unitary idele class character that is also trivial on R, . Denote
L?(GLg,w) the space of functions ¢ : GLy(k)\GLa(A) — C such that

(1) ¢(g2) = w(z)p(g), Vg € GLy(A) and z € Z(A),

@) / o(g)dg < oo,
Z(A)GL2(k)\GL2(A)
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Then GLy(A) acts on it via the right regular action, and we denote this action by (R, £?(GLa,w)).
Let (7, V) be a cuspidal automorphic representation in (R,,, £2(GLa,w)), we will use V>
to denote the subspace of smooth vectors. For ¢ € V>, we write

W(g) = / @(ng)y~"(n)dn

[N]

for the Whittaker function of ¢.

Similarly let x be a unitary character of R, k*\A*, we can associate the principal series
s = 7(x| - |*,wx | -|7*) for all s € C, whose underlying Hilbert space is V, -1 consisting
all the functions f : K — C satisfying

W1 ((& 1)e) = xme o)
@ [ 1F0)Fak < o

where K is the standard maximal compact subgroup of GLy(A), which is the tensor product
of K,, and

SOy(R) if k, =R

K, = SUL(C) if k,=C .

GLs(0,) if v<oo
This space is common for all s € C and the subspace of smooth vectors, although the actions
7, are different. In particular, 7, is unitary if and only if s € iR. To any smooth vector
e € V> ., we associate a flat section e(s) in 7, from which we construct an Eisenstein

- XWX
series

E(s,e)(g):= > e(s)(79),

YEB(K)\GL2 (k)

which converges for Re(s) > 1 and admits a meromorphic continuation to s € C. We write

WY(s,e)(g) = /[N] E(s, ¢) (ng)¢"(n) dn = / e(wng)y(n) dn

N(A)
for the Whittaker function of E(s,e).
For V' =V or V, ,,-1, the underlying inner product identifies V' with its dual V. Define

i\

p’ = # € VY for ¢ # 0. The matrix coefficient (o2, py) and Bs(eq,€)) for a pair of
¥

non-zero vectors is defined to be
Tg)P2, ¥ Tis(g)e2, €
Bea21)(0) = L wnd pen e g) o= L, g € GLo(h),

For a Schwartz function ® on Maty(A), we have the Godement-Jacquet zeta integrals for

ﬁ € {ﬁ(@%@Y},ﬁs(e%e\{)}
Z(s,,8) = / B(g)B(g)| det gI*+ dg,

GL2(A)
which converges for Re(s) > 1.
Let ® be a Schwartz function on Maty(A). Then for s € C with Re(s) > 1, we have
g — ®(g)|detgl® - |detg| € LY(GLy) and it acts on (R, L*(GLy,w)). For any ¢ €
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L2(GLy(k)\GLy(A),w), we have for z € GLy(A),

R, (®()] det -[*H)p(x) = / B(y)| det y|* o(ry) dy

GL2(A)

- / (x'y)| det 2y o (y) dy
GL2(A)

- / S @@ byl deta gl p(y) dy
[GL2]

~v€GLa (k)
- / / <1><x*wz>|z|2s+2w<z>dXz| det 2y o (y) dy.
GL2(k)Z(A)\GL2(A) J[Z] ~EGLa(

We denote the corresponding kernel function
K(z,y) := Z O yy2)| 2w (z) d*z - |det o 1yt

According to [Wu22, Theorem 2.10], we have the £?-spectrum decomposition

Theorem 4.2. When Re(s) > 1, the Fourier inversion of K(x,y) with respect to y in
L*(GLy,w™ ') converges normally for (x,y) € [GLy] x [GLs], and takes the form

Ke= Y % (s+ w(%%))wl(mwy(y)

7 cuspidal,wr=w 1.2 €B()

X [ 2 (s e Bine) @B in )

— J- 47
XER kX \AX e1,e2€B(x,wx 1)
1 _—
T P det g)| det g|*** dg) n(det z)n(det
 ol[PGLy) > (@(g)n(det g)|det g*"" dg) n(det)y(dety),

—

NERX\AX n?=w

where B(m) is an orthogonal basis of K-isotypic vectors in w, B(x,wx™') is an orthogonal

basis of K-isotypic vectors in V,

Integrating the above formula against the prescribed character over [N] x [N], we obtain

/ K(ni,n2)¢ 1t (ny 'ng) dny dny
[N]x[N]

= > > <8+ , @ 6(%%)) Wifl(b)wzfg(b)

m cuspidal wr=w ¢1.p2EB(m)

+ > /oo > Z(s—I—%,CI),BiT(eQ,e\{)) WY (i, e1) (L)WY (—iT, e)) (L) dr.

— —0o0 1 47T
YER 4 kX \AX e1,e2€B(x,wx 1)

4.2. The Geometric Side of the Trace Formula. In this section, we will calculate the
integral of K(z,y) with the prescribed character over [N] x [N] from the geometric aspect.
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When Re(s) > 1, we have
/ K(ni,n2)v 1t (ny'ng) dny dny
[N]x[N

/ [ 30 et ) a7 o ) dny dng
x[N] J[Z]

v€GL2 (k)
= / / O (n1yne2)hH(ning) dny dng - w(z)|z)* T2 d* 2.
Z] JIN]x[N]

In addition to the kernel function K(z,y), we can also consider the following function
given by a similar summation over rank 1 rational matrices when Re(s) > 1:

/ Z Oz yy2)w(2)| 22 d*z - |det z 1yt

’y €Matg (k),ranky=1

According to [Wu22, Section 2.2], when Re(s) > 1, denote

Riz,y) /Z < ( )?JZ)W(Z)IZIZS“dXz-|detx‘1y|5+1

yeEX

= / P (xl (8 g) y) w(2)|z[#?d*z - [ det 2 y5T
AX

It is easy to see that for fixed x, y — R(x,y) belongs to the induced model of the principle
series representation 7(| - [**2,w™!| - |75"2), and for fixed y, = — R(z,y) is in w(w| - [**2, ] -
|==2). Note that the action of GLy(k) x GLy(k) on the rank 1 rational matrices admits a
single orbit and the stabilizer group of the line consisting of the elements

(8 g) Y € KX
is B(k) x B(k), therefore,

K'(z,y) = Z Z R(mz,72y)

711€B(k)\GL2 (k) v2€B(k)\GL2 (k)

is an Eisenstein series in each variable.
For notational simplicity, let us still write KTF for the composition of KTF and the twisted
push-forward from D(Maty(A)) to DL(Std l)(N(A), \G/N(A), ). Then, the geometric side
2

can be written as
/ KTF(R, (®(x)(d*2)}))w(z)] 2 4z — / K/ (ny, ng)t= (0 ny) dny dna, Re(s) > 1,
(Z] [N]x[N]

and Theorem 4.1 holds.
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5. ANALYTIC CONTINUATION

In this section, we will prove the analytic continuation of terms in Theorem 4.1 except for
the cuspidal part. It will be independent of the Godement-Jacquet theory and the Poisson
summation formula on Maty(A). For simplicity, denote

Z(s):= /[z} KTF(RZ(CI)(QU)(d+a?)%))w(z)|z|28 d*z, Re(s) > 1
Iy(s) := / K'(n1,n)¢ " (ny 'ng) dny dny, Re(s) > 1,
[N]x[N]

Icusp(s) = Z Z (S + 3 @ B((p?) ¥1 )) Wg;1(12)wg2v (12)7

m cuspidal wr=w p1.p2€B(T)
and also when Re(s) > 1:

Tris (3 )
dr

> 1 _
=) / >, Z ( + 5, P, Bir(ca, e¥>) W (i, e0) (L)W (—ir, €) (I)
- —00 -1 2 47T
XER kX \AX e1,e2€B(x,wx 1)
We may choose ® to be K-finite, hence the summation of x, e, e5 in Zg; is finite and we
denote

Toron(s) = / Tz (s v % B, By (e, ey)) W™ (i, e0) (o)W (—ir, ) (I) 2T

—00

dr
AT’

5.1. Analytic Continuation of Z(s). In this section, we will study the convergence of
Z(s). According to the calculation in Section 3.2, write

0= || Nk (g g) N(k), 0 = | | N(k) (‘8‘ 2) N(k),

BekX ~Ek a€gkX

and
K;(z) := / E O (n1yne2)hH(ny + no) dng dna,
[N]x[N]

v€0;
then we have

Z(s) = /[Z](Kl(z) + Ky (2))w(2)|2|* T2 d* 2.

For the first term, we have

/ 2 (((1) TT) (2 8) (é nf) 2) ¥~ (ny + nz) dny dny

BekX ek

/ Z ((BTMZ Yz —;SZZNLQZ>> wfl(nl + n2) dn, dns.

BEkX yEk

Applying the Poisson summation formula, we have

() = B (3 30

Y€k vek
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Integral over ny € A, we have

[ e (5 7)) e

-1
= |z|” 1/ Z]FIMCD ((ﬂgéz 2222)) Y (ng — Brningyz ) dng
no €A

vek
1

P pnyz Yz
= 12|72 ) FyaFy2® (( Bz Bl nwzz)) :

ek

We need the following lemma:

Lemma 5.1. Let ® € F(A). Then we have for any N > 1,
Y |®(az)] <y min{lz| |2V}
ackX

Proof. This elementary estimation appeared in [GJ72] without proof. For a detailed proof,
see [Wul9). O

According to the above lemma, we have

Ki(2) <n, |z|*3 min{|z|71, |z|*N1}(1 + min |z|, |z|N2).

As for Ky(2), we have
1,1
az azn 1 el az oz
/ So((T @) tmen=r Erae((0))
o€k aEkx

<y 2 mind]z[ 7 27 min]z], |2}
Combining all these, we have

Proposition 5.2.
/ KTF(R, (®(2)(d*a)}))w(z)|2* d*2
z€[Z],|z|>1
1s convergent for all s € C and defines an entire function.
When Re(s) > 1, by applying Theorem 3.5, we have

KTF(R.(®(z)(dz)?)) = KTF(R.(®)(2)(dx)?),

and note that . N
R.(®)(z) = |2|*®(z 'w), Vo € Maty(A), z € Z(A).
Hence we have

—

R.(®)(x)(dz)? = R (®(x)(d*x)7)|2| 2.
Therefore,
/|  KTR(R.(0()(@"0) o) s = /| | KTERB() (472 () 0

which is absolutely convergent for all s € C and defines an entire function according to the
above Proposition and the GL, x GL, action on Maty that we defined in Section 2. Therefore
we have
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Proposition 5.3. Z(s) admits an analytic continuation to an entire function on s € C.

5.2. Analytic Continuation of Zg;,. In this section we will prove the analytic continuation
of Zg;s, for which it suffices to show the analytic continuation of Z, ., .,(s) for each triple
(X, €1,e2). Write z for the coordinate of the inner integral of 7, i.e.,

> 1 -1, . dr
Tyeren(s) = / Z (S + 3 ®, G- (e, e\l/)> WY (i, 61)(12)W¢(—27, 6\2/)(12)E
1 v wfl b V. dZ
= Z s+ 5,@,52(62,61) WY (z,e1)(Io)W (—2,62)(12)r.
Re(z)=0 4y

According to [Wu22, proof of Theorem 2.10], we have

2

t1 0 stz _ ol .
- /(AX)Q Fy 2(ey es) (<6 t2>) [t 722 x (b )wx T (E2)[E2]* T2 72 Ay ¥,

z (8 + la q)vﬁz(e%e\l/))

where
ey Pe, (9) 12/ ey (k1)@ (ki ' gks)ea (ko) dky dksy.
K2

Then according to [Tat67], we know Z (s + 1, ®, .(es,€Y)) is a meromorphic function by
itself. Then, we need to consider the case that the zeta integrals have poles on the line
Re(z) = 0, which could occur only when xy =1 and x = w.

For any 0 < 0 < %, and consider the case when 3 < Re(s) < 3 4+ 0. According to

2

1
Stirling’s formula, we know Z (s + 3 . 5, (e, eY)) is of rapid decay when Re(z) — oo for

0 < Re(z) < 0. According to [JZ87, Lemma 1, Page8], the Whittaker functions at value Iy
are uniformly bounded on vertical strips. We can move the z-integral from Re(z) = 0 to
Re(z) = o and pick up the poles, and obtain

dz

/Re(z)=0Z (S * %’ ®, B:(e2, GY)) Wwil(z)(b)wip(—z)(lz)él—m

dz

1 -1
= / Z <S+ §7¢7BZ(6256\1/)) Wd’ (z7el)(12)ww(_z7e¥)(12)4—
Re(z)=0 YW

DN | =

Z ResZ (S + 17 (I)a 5z(627 6\1/)) Wdﬁl(zv 61)(12)W¢(—Z, 6;/)(12)

2
O<Re(z)<a,s+%:|:z:0,1

Note that the only possible residue in this region occurs when s + % — z = 1, which implies
0 < Re(z) < o automatically, and hence the residue part is just

1 1 - 1 1
_iReSz:s—%Z (S + §7¢7Bz(6276\1/)) ’ W¢ 1 (S - §a61) (IQ)Ww (5 - S,G;/) (12)

Since there is no pole on the line Re(z) = o when § — 0 < Re(s) < 3 + 0, and the integral
is absolutely convergent. So we can extend Z, ., .,(s) to Re(s) > 0.
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When § — o < Re(s) < 1, let us then move the z-integral to Re(z) = 0 again and pick up
the poles, we have

1 ~1
/ z (S+ 57(1)752(62761/)) Wd} (Z761)(12)W¢(_27€¥)(12)—i
Re(z)=0
1 v - 1 " 1 v
— ResZ:S_%Z s+ 3 O 5,.(ez,ef) | W 5 — 5,61 (Io)W 5 s ey | (I)
1 _
= / Z(s+2,®, B.(e2,€)) ) W (2, e0) L)WY (=2, e} ) (Io) —
Re(2)=0 2 ™

1 1 11 1
+ §Resz:%—sz <S + 57 ¢7/82(625 6\1/)) Wd’ ' (5 - S, 61) (IQ)Ww <S - 57 6\2/> (12)

1 1 -1 1 1
— EResZ 1z (s + 3 @,Bz(eg,e\l/)) WY (s — 5,61> (I) WY (5 = s,e;’) (Ip).

Note that this can be analytically extended to —% < Re(s) < % since there is pole on the

2
line Re(z) = 0 in this region.

Next consider the case that Re(s) < —3 + o, let us move the integral from Re(z) = 0 to
Re(z) = o again, we have

dz

/Re(z z( ; ® /62(62,61)) WY (2, e1) (1)WY (—2 ey)(l2)

1 _ 1
+ = Res _Z <s+ 5 , D, 6.( 62,61)) Wy <— -5 61) (I,) WY (s— 3 62) (Ip)
1 1 ’lﬁ71 ’Lﬁ
—§Res _%Z s—i—Q@BZ (eg,€)) | W s——el (Io)W ——s ey | (Iz)
[z (s g len ) W ) W ) )
Re(z)=0c
]_ 1 1/)—1
—§Res %Z (s—|—2 D, 3, 62,61)>W <s+— 61> (Iy)
1 1
+ 5Res,_1_ 2 (s+ , D, B.(eq, €Y ) )
2 2’
1 1
- §RGSZ 1 Z|s+ 5 , @, B.(ea,€))

Wy <— —s,e1)(I) WY (s — €¥> (I2)

WAL 1(5—— e1 ) (I) w(——s 62)(12),

WY <—s — % 62) (Iy)
A\
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which can be analytically continued to —o — 3 < Re(s) < —3 +0. When —o — 1 < Re(s) <
—%, we could move the integral to Re(z) = 0 again, and we have finally

1 1 -1 1 1
+ §Resz_7s ! (s + 5 , D, B.(eq, €Y )W“p (-s - §,el> (L)W (s + 5,6%’) (I)

1 1 —1 1 1
- EReSz:s—F%Z (3 + 57‘137/3,3(62761) WY (S + §;€1> (Iz)ww (—3 - 5765/) (I)

2 2 2 2

1
— —Res,_
S Res

D=

)
)

+ 1ReSz:%_SZ (s + 1, D, B. (€2, €f )) A (1 -5 el) (L) W (S - 1’ eg) (I2)
)

1 - 1 1
z ( o Ben ) ) W ( - 2) (L)W (5 - ) (I2).

And this can be extended to all Re(s) < —z. To summarize, we have

Proposition 5.4. Zgi(s) can be analytically extended to all s € C. Moreover, for each
X, €2, €1, the analytic continuation of

1 —1 1
ZX7€1,62 (8) - / zZ (S + 57 qDaﬁZ<627 6}/)) Wd} (Z7 61)(1)Ww(_2) 6;)(1)4—7 RG(S) > 5
Re(z)=0

has the following expressions:
0<R =
° e(s) < 5
1 _
IX,€1,62 = / Z (S + 57 q)7 /82(627 6\1/)) Ww 1('2’ 61)(12)W1’b(—27 6;/)(12)7
Re(z)=0

1 1 - 1 1
_ 5Reszzs_%Z <8 +3 @,ﬁz(eg,e\{)) we ! (3 — 5,@) (Iy) WY (5 — s,e¥> (Ly),

1 1
where 0 < o < 3 is such that 53 0< Re(s).
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1
°*—5< Re(s) < 0:

1 -1 dZ
ZX,61,62 = /R ) OZ (5 + §7®aﬁz(627€\1/)) Ww (2761)(12)Ww(—27€¥)(12)—

4
1 1 v . " IR
+ éResZ:%_SZ s+ §,¢,Bz(62,61) W 5~ 5e (I)W¥ (s — 5062 (Io)
'R Z +1q>5( V) we ! (L)W ! Y (1)
5 €S, o % S 2 2\€2, €1 S 2,61 2 B S, €9 2).

1 -1 d
Tyeres = / z (s—i— 5 ﬂz(eg,e\{)) WY (2, ) (L)WY (=, ) (1) o
1 1 - . 1
- §Resz 112 s+ 5 5 , @, B.(ea,e)) | W s—i— — e | (In)W¥ [ —s — 2 ey | (Iz)
1 1 o v
+ 2Res 2 s+ 5 , D, B.(eg,e)) | W — —s5,e1)(I) WY (s — 62 (Ip)

1 1 _
~SRes, |2 (s+ §,<1>,5z<e2,e¥>) W ( L) ywe (— ~s, ) (L),

1 1
where 0 < 0 < 5 is such that —50< Re(s).
e Re(s) < —1:

1 -1 dz
L) = [ 2 (4 508 ) ) W ) W ) 1)

411

) Wy <—s - % 61> (1) W? (s + % e;> (I)

1 1
+ EReSZ__S_l,Z (s + = 5 ,®, B.(e2,€])
1 1 5t 1 . 1,
— 5ResZ:SJr%Z s+ 5,@,52(62,61) \\% s+ 5061 (I)W¥ [ —s — 5062 (Iy)

We will conclude this section with a more careful study of the residues occurring in the

above analytic continuation of Z, ., .,(s). Let us start with the following definitions from
[Wu22, Section 4]:

Definition 5.5. For any Schwartz function ® € F(Maty(A)), and a unitary character x of
R EX\A*, we define for g1, gs € GLa(A) and Re(s) > 1,

<13 t 0 s ~1 s
folangzixl- P36 o= [ Fuallanhiane ((§ ) ) x|t o,
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and
si3 0 0 s s
folan gl P = [ Fuallariee (5 7)) xs ave: aeer g
AX

Both of them can be analytically extended to s € C. Note that fo(g1, go; X| - |2s+%, %) defines
a vector in the tensor product w(x| - [**2,|- |5 2) @ w(x 7| - |52, | - [**2). We denote by
(M x fo(gr, go; x| - |22, %) the image under the intertwining operator with respect to the
first variable. Similarly, fo(g1, 925 x| - \2“’*%,*) en(|- |’S’%, K |5+%) (|7, X ]*3*5)7
and we denote (f x M)e(g1,92; X| - |25+%,*) its image under the intertwining operator with
respect to the second variable.

Lemma 5.6. We have
(M X f)<1>(91>92§X| : |2s+%7*> = (f X M)cb(gl,gz;X| : |25+%7*)-

Proof. 1t suffices to prove the equation for g; = g» = Iy since the general case follows from
this special case by taking L(g;)R(go)® instead of ®. By definition, when Re(s) > 1, we
have

(M x fao(ly, I x| - ’23+2 *)

e (( )w‘l (é g))dxx(tﬂﬂzsﬂdxtdn
[ L0 ) e (o M) amone artan

fXM) (127127X| |28+2 *)

Proposition 5.7. When Re(s) < 1, denote

9= LR 1) (o) (6 7)) v mapetepars

dual to Z(s), then we have
(1) When Re(s) > 1 and x = w,

1 - 1 1
Y. Res,_ 12 (s +5,®,B:(es, e¥)> wY (s +3 61> (L)WY (—s ~ 3 e;) (I)

e1,e2€8B(w,1)

= Ib(S).
(2) When Re(s) < 1 and x = w,

1 -1 1 1
Z ResZ:S%Z (s + 5 P, 5. (ez, e\l/)) WY <s — 5 el> (I) WY (—s + 5 e;/) (I)

e1,e2€8B(w,1)

= —Ib(S).
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(3) When Re(s) > 1 and x =1, we have

> Res,_ , 12 (s + % D, B.(e2, eY)) W (—s — %) (I,) WY (s + 1) (I)

e1,e2€B(1,w1)

(4) When Re(s) < 1 and x =1,

1 1 1 1
Z Resz:—er%Z <3 + bk P, 3. (e2, 6Y)> W (—3 + 5 61) (12)W¢ <3 5y €¥> (I2)
e1,e2€8B(w,1)

Proof. We start with (1). When Re(s) > 1, from [Tat67] we know

1 t 0 s+ x
Res.eyy 2 (54 .0 iienet)) = [ Fualoa) ((§ 0) ) wloler ave

:felv%Q(IQ,IQ;M |25+2 *).

Consider the decomposition

3
folgr, gaswl - 772, %)

= > > / Fo(ka, ko) diey dkoe (k1 )ea(ka)e 1( 1) (g1)eY (_5_1> (02).

2 2
e1€B(x,1) e2€B(x,1)

Note that

fq)(k’l, k’g)@l (kl)eg(kg) dk’l dk?g

/ / ]F¢ 2L ]{31 kQ)CI) (< 8)) W(t) |t|2$+1 dxte\l/(kfl)eg(k’g) dkl dkg
K2 AX
/ / IF¢ 2L ( 8)) e\l/(kl)eg(kg) dkl dkg&)(t) |t|28+1 dxt
AX K2

o
[l onee

we have the Whittaker function of fg (g1, g2;w| - [272, %) at (I, 1) is

1 1 1
Z feycbeg (I, Ip;w] - ’25+%7 *)Ww (3 + 5761) (IQ)Ww <_3 — 5 eg) (Iz).

9’
e1,e2€8B(x,1)

On the other hand, according to [Wu22, Lemma 4.9], this Whittaker function is given by
the integral

/AX /A <<1 "1> <2 8) (é ’ff))w—l(nl+ng)dnldn2w<z)|z|2s+2dxz,

which is exactly Zy,(s).
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For (3),the residue is given by the following integral when Re(s) > 1

1 00 s y
Reszf_s_;Z <s + 5,@,ﬂ2(62,6Y)> = —/AX Fw,Z(e}’%z) ((0 t)) 1#[25+ wo(t) A%t

3
= _fe\llq)ez (12712;w| ' |25+27*)‘

Similarly, we have

> faltatge] P (< 5) @ (s 5 )

e1,e2€B(1,w1)

is the Whittaker function of f5(g1, go;w|-|**2, %) at (I, 1,). But according to Lemma 5.6 and
[GJ79], the intertwining operator does not change the Eisenstein series and the Whittaker

functions. So the value of the Whittaker function of fo (g1, ga;w| - |22, %) at (I, 1) is also
the value of the Whittaker function of fs (g1, g2; w|- |23+%, x), which is Zy,(s) according to part

(1)

For (2), when Re(s) < 1, using the functional equations of GL; zeta integrals, we have

2

t 0 —2s
—— [ FuFuifuatsea (5 0)) >
AX

Note that for any g1, go € GL2(A), we have

1
Res._, 12 (s + =, ®, B.(ea, e}’)

sz,QL(gl)R(gQ)(/I; =IFy2L(g2)R(g1)P| det g5 g0

Using the Fourier inversion formula, we have

FyL(g2)R (g1)® ((i; xm)) = Fy2Fy1Fy4L(92)R(g1)® (( u xl?)) .

L22 —T21 T22
Then, according to a similar argument, we have

1 -1 1 1
Z Res,_, 12 (s + 5 @,ﬂz(eg,e\{)) W (s — 5 61> (I,) WY (—s + 5,6;/) (L)

e1,e2€8B(w,1)

T80 0 90 ) s smtt e

Finally (4) is a combination of the above (1), (2) and (3), and we leave the verification to
the readers. O

Remark 5.8. From the above Proposition, the residues are nothing but the Whittaker func-
tion of the kernel function given by the summation over the rank 1 rational matrices. In
this sense, the boundary term appears as the residue of the Eisenstein series in the spectrum
decomposition of the kernel function via analytic continuation.
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5.3. Analytic Continuation of T, (s). In this section, we will study the analytic continu-
ation of the boundary term Z,(s). A first observation is that when Re(s) > 1,

/[N] K, n)y™ (n) dn _/N R(yz, wn)y~'(n)dn

@) vEB(k)\GLQ(k)
— / / ) (x*IVI (8 8) wn) Y (n)w(2)|z|*T? d* 2| det 27 ¥ dn
NA) 1eB(k)\GLa(k)
'yeB(k \GLa(k)

/ / ((3 0 ))Mz)lz\zmd%\detxws“w%n)dn
_ F,oL..® < Z_l 25+1d>< det —1s+1
- E : P2y 0 0 w(z)|z| Z| 1Y | .

AX

YEB(K)\GL2 (k)

Note that the inner integral is convergent for all s € C. Now consider the section

-1
GLy(A) x C = C : (g, ) — Fs(g) = / FyoL,® ((g ZO )) w(2)]2)2 T A 2| det g1
AX
This is a section of the induced principal series for all s € C, and let

E(fs)(g) :== Z fs(v9)
YEB(K)\GL2 (k)
be the corresponding Eisenstein series. When Re(s) > 1, we have
/ K (i, n2)t0~ (ny ng) dny dny — / B(F.) (n)t(n) dn — / F(wn)(n) dn.
[N] (N] N(4)

Then, the analytic continuation comes from the general theory of the Eisenstein series.
Note that we have

T11 T12 11 Y -1
Fyol,® = L,® dy.
vata (70 72)) = o (0 2)) o el

1 n

01

cona((s ) [o((F 7)o

Then integral over n and make a change of variable by y — zn;,n — —nso, we have

/ K'(n1,n9)Y " (ny 'ng) dny dny
[N]x[N

/ / (( zn1n2>) (g 4 ng)w(2)| 2> d* 2 dny dn.
A2 JAX 205

This also coincides with the calculation in Section 3.2.
Note that from here we can see that Zy,(s) admits an Euler product

H / / o, ((an zn1n2>) ¥t (ng + no)w, (2)|2[*72 A%z dny dn,.
5 k2 x z VALY

Let us finish this section with the unramified calculation.

Then for z = w ( ) € GL(A), we have
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Proposition 5.9. Let ®, = I\aty(0,), and ¥, is unramified, then we have

/ / o, ((an zmm)) U (g + ng)wy (2)]2)* 2 A zdny dng = 1 — w, (w, ) g~ ®+?
k2 Jk) z Znq

if we normalize the measure d*z such that vol(o), d*z) = 1. So let S be a finite set of places
of k containing all the Archimedean places and such that for allv ¢ S we have @, = liagy(o,)s
¥, is unramified and vol(o), d*z) = 1, then we have

ZN9g  ZMN1Mo -1 2542 1% _;
1;[// q><( e ))w (s o) () 272 4y iy = s,

where L°(w, s) is the partial Dirichlet L-function.

Proof. A first observation is that

L] @“((zgz Z?ﬁf))¢—1(n1+n2>w<z>|z|25+2dden1dnz
k2 kX

_ Z/ m *m(25+2)

We first fix z such that z € @ o,
condition for ng is

1 x
/ W, (1 + ng)dny dng d™z.
|zn1[<1,|2n2|<1,[2n1n2|<1

and then ny € w)"o; with m +m; > 0. Then the

v
Ino| < min{q™, g™ ™}

Therefore, the inner integral becomes

-1
/ W, (ng + ng) dny dngy
|zn1|<1 |zn2|<1,|zn1n2|<1

Z / nl) d’l’Ll / pr_l(ng) dng
n1€w, to) |ng|<gmtm1

mi=—m
+ Z / nl) d’fll/ ’L/JV_I(TLQ) d’flg
mi=1 ni€w, Lo In2|<q
= / ¢, (n1) dny + ¢ / ¥, (n2) dna
ni€w, Mo; |na|<qm
1 if m=0
= -1 if m=1 .
0 if m>2
Hence
/ / D, ((zm zn1n2)> P (ng + ng)w(2)]2)*T2 d* 2z dny dng
k2 Jr z Zn
=1- wy(wy)q_(25+2).

a

Corollary 5.10. The cuspidal part Leusp(s) admits an analytic continuation to all s € C.
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6. FUNCTIONAL EQUATIONS IN THE TRACE FORMULA

In this section, we will explain that Theorem 3.5 is responsible for the functional equations
of standard L-functions of GLy. Let ® be a Schwartz function on Mats(A) as before and ®
its Fourier transform. Denote for z,y € Mat (A)

K(z,y) := Y ey a2 Az - | dety e
(2] JeaLa (k)
and
K/(J?, y) = Z cT>(zy_1ﬂyx)w_1(z)|z|_2‘(”+2 d*z - |dety |5t
[] yEMatsa (k),ranky=1
Let
Z(s) = / KTF(R.(B(x)( d*2)%))w(2)| 2] d* 2,
(2]
and

)

cusp(s) = Z Z <_8 + 3 CI) BV(SO% ¥1 )) ng_l(I?)WZ%/ (12)

7 cuspidal,wr=w p1.p2€B(1)

It is also easy to see that fb(s) defined in Proposition 5.7 is

~

Ty(s) = / K'(n1,m2)Y " (n] 'ng) dny dno.
[N]x[N]

By identifying Maty with Mat, and replace ® by d in Proposition 5.2, we see f(s),fEis(s)
and Z.,sp(s) also admit meromorphic continuations to all s € C. Then according to Theorem
3.5 again, we have

Proposition 6.1. Z(s) = Z(s) for all s € C.

Proof. Because both of them are
/ KTF(R,(®(x)(d"z)2))w(z)]2|* d*z +/ KTF(RZ(CTD(JJ)(d+x)%))w(z)|z|28 d*z
(Z],)21>1

|z]<1
as in the proof of Proposition 5.2. O

N[

According to [Wu22, Theorem 2.10] by considering the action of g — &)(g_l)] det g|*~! on
(Ry, £L%(GLy,w)), we have the spectrum decomposition of K(z,y):

Raw = > X Z(—s+§,<f>,ﬁvm,so¥>)mx)wz(y)

m cuspidal,wr=w p1.p2€B()

S /°° 3 Z<_3+;<1> (62,61))E(iT,el)(x)E(—z‘r,f%)(y)%

NeR T Ax T ene2€B(xwxt)

+m > (®(g)n(det g)| det g| >+ dg) n(det x)n(det y),

NERX\AX n?=w
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and integrate it against the same character over [N] x [N], we obtain

/ IA((nl, n2)Y " (ny ' ny) dny dng
[N]x[N]

- ¥ Yoz (—s + % ®, 8" (p2, sOY)) W (1) Wy (1)

m cuspidal wr=w ¢1.p2EB(m)

+ Z /OO Z zZ <—s + %; EI\)vﬁiT(e% 6}/)) Ww_l(”a 61)(12)W¢(—Z'Ta 65/)(12) dr

— | . ) Am’
XER £ kX \AX e1,e2€B(x,wx 1)

Then when Re(s) < —1 we have
Z(s) = / KTF(RZ(&\)(IE)(d+l‘)%))w(2)|2’|28 d*z
Z(k)\Z(A)

— / (IA((nl, ng) + K’(nl, n2)> @Z)_l(nl_lng) dnsy dne
[N]x[N]

- ¥ oz (—s + % ®, 5" (2, sOY)) W (1) Wy (1)

m cuspidal wr=w ¢1.p2EB(m)

X [T (s e ) W e W in e (1)

YER BNAX © O e1,e2€B(xwx )

A7

+ / R/(nh n2)1/}_1(n1_1n2) dn1 dng.
[N]x[N]

Because

Z <s + %, O, 5, (e, eY))

[ Fatan (5 )i e e,
and

—

Fya((0sBen)) = Fya((a®or)) = FyaFpaFy2(ea®er) (_’_ ﬁ) ,

we can apply the functional equations of GL; zeta integrals to obtain
1 ~
Z (—s +5 D, 3 (e, eY))
_ F. F. .F th 0 —s+E4ir -1 —s+1—ir A%t 4%
= 1y 4l 2 (e, Pey ) X(E)[G 72X T () [t 0T t1d"
(AX)2 ! 0 it
_ tl 0 -1 s+i—ir s+itir A%t 4%
= Fyole@ey) | (g 4 ) X (Q)IG727 X () [t t1d*ty
(A%)2 2

1
=Z (8 + 57 (I)aﬁ—iT(ei/)eZ)) .
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Therefore

h 13 =y . dr
S [ 8 2 (et ko)) W n e W in e
xeR+fXTAX - e1,e2€B(x,wx 1)
h 1 Vv 'll)_l . 1/) . \Vi dT
- Z Z Z s+ 57(1)7571'7(61,62) W (ZT, 61)<12)W (—ZT, 62)(12)E'
XER+ﬁAX e ,e2€B(x,wx 1)
By making 7 — —7 and change the role of e with e, we have the above is

> /oo >, 2 (S + %’ (I),/6i7(62,6\1/)> WY (i, e1) (Ty) WY (—iT, eg)(lz)%

YER A T ene2€B(xwx 1)

~T(s) - (—%Ib(s)) + (%Ib(s)) - %fb(s) + (-%ﬁ@)) |
ie.,
Tiis(5) = Tgis(s) + To(s) — Ln(s).
Combining with Proposition 6.1 and Theorem 4.1, we obtain the functional equations of the
cuspidal parts:

Corollary 6.2.
ZcuSp(S) = ICUSP(S)‘

7. ISOLATION OF THE SPECTRUM

Let S be a finite set of places of k containing all the Archimedean places. Denote by
F(Maty(A))s the subspace of Schwartz functions on Mats(A) consisting of vectors of the
form

D3 ®p¢s IMata(on)-

For simplicity, denote ®°5 := ®pgsIats(o,) and write ®g as elements in F(Maty(A))s by
tensoring this basic vector. Let H° be the unramified Hecke algebra outside S

H® = ®Z/¢S/H(G(ku)7 Ky).
Then we get a family of functionals first when Re(s) > 1
KTF(s) : H® ® F(Maty(A))s — C
h® ds— [ KTF(R.(Ps ® (h* %) (z)( d+:c)%))w(z)|z|2s d”z,
(2]

By analytic continuation from Section 5, we obtain a family KTF(s) for s € C.
By Satake isomorphism, we have for each non-Archimedean place v,

where the action is by conjugation. Hence

H=c|[Jc" /)G

véS

)
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where regular functions are restricted tensor products of regular functions on finite factors
with respect to the constant function 1. This isomorphism is denoted by h + h. Since every
automorphic representation that is unramified outside of S determines a point on H GY ) GY

vgS
and is determined by it due to strong multiplicity one. Let

s c[]GY /G
vé¢sS

be the subset corresponding to the unitary ones with given central character w, which is
compact with the product Hausdorff topology. Let

R = {[r(w]-[**z,|-|7"72)] : s € C}.
We write

ClUSuR]=C [[](GY /GY)

V¢S

I

by restriction. Then we have

Lemma 7.1. C[USUR] is dense on the space C(USUR) of continuous functions on USUR,
where the latter is equipped with the inductive limit topology of uniform convergence on
compact subsets.

Proof. According to the choice of the topology here, it suffices to show for any compact subset
C, the restriction of C[US UR] to C is dense in C(C), and it suffices to show polynomial
functions in C[US U R] are closed under complex conjugation, which is [Sak19a, Lemma
5.1.1]. O

Fix an element ®g € F(Maty(A))s, then we can view KTF5(s) as a functional on 5,
which can be extended to a continuous functional on C(U® UR), hence a finite measure with
compact support:

Lemma 7.2. KTF5(s) can be extended to a finite measure with compact support on C(USU
R).
Proof. To avoid confusion, for a Schwartz function ® on Mats(A), denote Ko (x,y) to be the

kernel function associated to ® defined by

Ko(wy)i= [ 3 @@ qyz)w(z)|zP+2d*z - |deta~y|™!

as in the previous sections. And similarly for Kj(z, ), Kg(ac, y) and IA% (x,y).
When Re(s) > 1, according to [Wul7, Lemma 3.25], we can choose some compact subset
Q of G(A) containing a fundamental domian of [N], then we have for y € Q

(7.1)

Kogoneaes (2,9)] < | 11+ Ax) Ka(z, )l e2Graw) + Y IFxoace(Kl@, DI | - Ihlle=(us),

X*=w

where ® = &g ® ®>5, N € N depends only on the field k, A is some real number large
enough, A is the Laplacian operator defined as in [Wul7, Section 3.5], and F,oq4et is the
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spectrum projectors defined as in [Wul7, Section 2.2]. Note that the right-hand-side of (7.1)
is a continuous function for the z-variable, then after we integrate it over [N], we see

/ K (1, n2)t~ (05 n2) < [Bll e (us),
[N]x[N]

where the implict constant depends on ®g, s and the underground field k. Also note that
according to [Wu22, Theorem 2.10], we have

(1+ Aco)V ™ Kp(z,y) < Hi(y)' ™,

where the hight function Ht is as defined in [Wu22, Section 1.2]. Then, when Re(s) is fixed,
the implicit constant can be chosen to be independent of s.

According to Section 4.2, as the kernel function KZI)S (7S

and the action of h is given by the value of the delta distribution of h on the principal series
m(w| - [**2, |- |7*72), we get the desired extension when Re(s) > 1.

When Re(s) < —1, combine Proposition 6.1 and the fundamental lemma Proposition 2.22,
we have

)(a:,y) is an Eisenstein series

1

(7.2) KTF®(s)(h) < [[All g=o(us) + [A(m(w] - 72, ] - [7F2))],

which means KTFS(S) is also a finite measure of compact support.

When —1 < Re(s) < 1, we will use the Phragmen-Lindelof principle to bound KTF5(s).
First, let us fix € > 0 and consider the case when Re(s) = 1 +¢€. As Re(s) = 1+ € is fixed,
there is some compact set C' of

[ raY)
vé¢s

such that C’ contains {[r(w| - |5+%,| : |’5’%)] :s € C,Re(s) =1+ €}, hence
1Al geousy + h(m(w] - 772, |- [772))] < Al (), Re(s) =1+,
where C := US U (' is compact. Moreover, when Re(s) = 1 + ¢, the growth of
(1+Ax)™ Koz, )

on any Seigel domain is bounded by Ht(y)™, so are ||(1 + Ax)V Ko (z, )| £2(GLyw) and
I|IFyodet (K(2, -))||. Combine them together, and we have

[KTFS(s) (h)] < [|Pl (),

when Re(s) = 1+ ¢, with the implicit constant independent of s, i.e., there is some constant
B’ such that |[KTF®(s)(h)| < B'||Al|z=(c) for any s with Re(s) = 1 + €. A similar argument

applied to the case that Re(s) = —1 — € due to Theorem 3.5, with replacing ® by ®. Then
we obtain that there is some constant B > 0 such that

IKTFS(s)(h)| < B|[h]|z=(c), Re(s) =1+eor —1—e.
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Next let us show that KTF5(s)(h) is bounded if A fixed when —1 — ¢ < Re(s) < 1+ e
According to the Lemma 3.4, when —1 — ¢ < Re(s) < 1+ ¢, we have

/ KTF(R,(®s ® h+ ®>5)(dz)2)w(z)|2*| d
z€[Z],]z|>1

° tlTLlZ 2
F ,2(q’s®(h*¢’s))(< 0 >>
/ 7],z |>1/ A)xN(A) ekx Lk v tiz  tingz
2€Z(A),)z>1 IN(a) 0 =

According to Lemma 5.1, there is some function ®’ of Schwartz type such that

3 M@S@(h*@oﬁ))((tmlz : ))‘«(1+|z|)213'(t1z),

tlz tanZ
o€k

Xz

| 2|72 dny dny d* 2

’Z|2S+2 dXZ.

hence there is another Schwartz function ® such that

/ZE[ZLIZ|21

< / (1+]2)®(2)(|2)% + |2/ d*z < 1, =1 —e < Re(s) < 1 +e.
z€Z(A),|z[>1

Xz

KTF(R,(®s ® h+ ®>5)(dz)2 )w(z)|2*| d

Apply the same argument to 513, and make use of Proposition 6.1, we have

KTF5(s)(h) = / . KTF (R, ((®s ® h* %) (z)(dT2)2))w(2)|z[> d*2
+/ KTF(R,(®s @ h &°S(z)(d¥z)?))w(2)|2/* d*z < 1, =1 — ¢ < Re(s) < 1 +e.
|z]<1

Finally, fix A and apply the Phragmen-Lindelof principle ([Rud87, Theorem 12.8]) to the
holomorphic function s — KTF5(s)(h), we have

KTFS(s)(h)] < BlfAl (). —1 — € < Re(s) < 1+

which means KTF5(s) is also a finite measure when —1 < Re(s) < 1.
U

We denote éaut, the set of automorphic representations appearing in the Plancherel for-
mula for £2(GLy,w). We consider G™* as a subset of

lim US
—

in the obvious sense, and we freely talk about G2t as a subset of US, meaning its intersection
with US. We denote G°™P the subset of G*'* consisting of cuspidal representations and G
the subset of principle series. Then GeusP is a countable number points and GE is a countable
union of lines. Both of them are measurable sets with respect to the standard Borel structure
on US.

Then, combined with the spectral expansion, we have
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Theorem 7.3. For fired ®s and all s € C, The functional KTFS(S) is a finite complex
measure Vo, on GP U GFS UR. The measure veg is equal to

1 -1
Z Z <s +3 D, B(p2, (p\{)) Wy, (IQ)WZZV (Iy) dm

p1.02E€B(m)

on G™P when Re(s) > 1. It admits an analytic continuation to all s € C and satisfies the
functional equation

S oz <s 1 % D, (2, @Y)) WY, (1) Wy (1)

p1.p2€B8(T)
1~ .
= X 2y B ael)) W W 1)
Pp1.p2E€B(m)

In particular, we get the analytic continuation of L(s,,st). Moreover,

1 1 1
L<s+§,7r,st) :e<s+§,7r> L (—s+§,7r,stv).

where L (s + %, , st) 1s the complete L-function.

Proof. We only need to prove the analytic continuation and functional equations of L-
functions. Write 7 = ®/ m, according to [Fla79]. For ¢ € B(w), write
P = Qe Pr-

Then we have an Euler product

1 1
Z (s + 5 ¢>,B(¢z,so¥)> =112 (S * E’q)”’ﬁ(@’”’d’”)) ’

ve|k|

where
1
2, (4500 Bnnin) ) = [ 208 o)) det gl by

For non-Archimedean v, let ¢ be the unique newvector of 7, as in [JPSS81, Theorem (5)]
up to scalar. For Archimedean v, let ¢, be the unique highest weight vector of m,. Denote
©° = ®'¢y. Then choose ®° = ®!®¢ such that ®¢ is as in [Hum21, Theorem 1.2] and as
in [Lin18, Theorem 1.1]. Then, since the K-type of ®° is fixed, according to the uniqueness
of the newvector in the non-Archimedean case and the highest weight vector in the non-
Archimedean case, we have

= (8 + %@",B(wz, wY)) # 0

if and only if ¢y = py = ¢°. Moreover, in this case

1 1
Z (s +3 <I>°,6(90°,90°)) =L (s + §,mst> -

Then we get the analytic continuation of L(s,,st).
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As for the functional equations, according to [GJ72, Theorem 3.3, Proposition 6.12], there
is an epsilon factor €(s, ) such that

. :
S oz (—s + 5.2, 8" (2 wY))WZﬁl (L)W (L)
p1-p2€B(T)

-1

1 1
= Wzo (Ig)Wio,v(IQ)e (s + Q’W) L (—s + = 7rV,st> ,

27
1 1 1
L(s+§,7r,st) :e<s+§,7r> L (—s+§,7r,stv).
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