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THE KUZNETSOV TRACE FORMULA ON GL2

ZHAOLIN LI

Abstract. This paper develops a direct proof of the Poisson summation formula on the
Whittaker space of GL2 based on local Hankel transforms. Utilizing this formula, we con-
struct a Kuznetsov-type trace formula valid for non-standard test functions. We show that
the functional equations for the standard L-functions of GL2 arise as a natural consequence
of this summation identity, providing further evidence for the Beyond Endoscopy approach
to L-functions.
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1. Introduction

In 1859, B. Riemann represented the Riemann zeta function as the Mellin transform of a
theta series
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n=1

e−n2πy d×y

and proved its functional equation using the Poisson summation formula for theta series; see
[Rie59]. This idea was further developed by K. Iwasawa and J. Tate and was reformulated in
J. Tate’s thesis [Tat67] in the language of adeles, using local and global harmonic analysis. R.
Godement and H. Jacquet generalized this work to study the analytic properties of standard
automorphic L-functions of GLn. The key input from the harmonic analysis to Godement-
Jacquet theory is the classical Fourier transform on the affine space Matn of n× n matrices
and the global Poisson summation formula that is responsible for the functional equations
of standard L-functions.

Around the year 2000, A. Braverman and D. Kazhdan ([BK99, BK00, ?, ?]) proposed a
framework to establish the Langlands conjecture for general L-functions L(s, π, ρ) via local
and global harmonic analysis, which generalizes the method of J. Tate’s thesis and the work of
R. Godement and H. Jacquet to great generality, which is refined by B.C. Ngô in [Ngo20]. We
also refer the reader to [Luo24], [LN24] and [?]. Under this framework, if generalized Fourier
transforms and Poisson summation formulae could be established, there is a hope to prove the
Langlands conjecture on the meromorphic continuation and global functional equations of
automorphic L-functions. The difficult part is establishing the Poisson summation formulae.
We also refer to [BK99, BK00, ?, ?] and [GL19, GL21, CG24] for some cases. D. Jiang and
Z. Luo also established a version of Poisson summation formulae on Gm with automorphic
representations involved; see [JL23].

Another approach to the study of automorphic L-functions is through the lens of the func-
toriality conjecture. However, L-functions also play a central role in Langlands’s broader
vision of Beyond Endoscopy: they must be explicitly introduced to weight the trace for-
mula, and their residues at poles are then used to detect the image of functoriality lifts.
It is worth noting that the original idea involved weighting by the logarithmic derivatives
of L-functions, a method now recognized as particularly challenging to implement in this
context. Beyond Endoscopy has had limited success: In his thesis [Ven04], A. Venkatesh
successfully re-established functoriality from tori to GL2 using the Kuznetsov trace formula.
S. Ali Altug’s work [?, ?, ?] isolated the contribution of special representations for GL2 from
the Arthur-Selberg trace formula and showed that the standard L-functions do not pick up
functorial lifts in the cuspidal spectrum. A series of papers by P. Hermann [Her11, Her12]
also used the Kuznetsov trace formula to give a new proof of the analytic continuation and
functional equations of standard L-functions and Rankin-Selberg L-functions. As noted in
[Sak19b, Section 6], Hermann’s techniques bear a resemblance to H. Jacquet’s formula in
[Jac03]. However, certain aspects of Hermann’s arguments were later deemed unsatisfactory.
These issues were subsequently addressed in a recent work by [KL25b] and followed up in an-
other work [KL25a], where the authors adjusted some of the local assumptions. Nevertheless,
these studies remain limited to holomorphic modular forms and are heavily contingent on
analytic number-theoretic methods that are sensitive to specific local conditions. In contrast,
our approach is intrinsically structural, providing a uniform framework that encompasses all
cuspidal automorphic representations of GL2 without such restrictive dependencies. While
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the functional equations for standard L-functions of GL2 are well-established through clas-
sical methods, the derivation presented here, rooted in the spirit of the Beyond Endoscopy
program, is entirely novel. Our approach should be viewed as a non-trivial verification of
this Beyond Endoscopy framework. By recovering known analytic properties through the
Poisson summation formula and the trace formula, we provide a robust proof of evidence for
the utility of these methods in a more general, higher-rank setting.

Motivated by the work of [FLN10], one might consider employing non-standard test func-
tions in the trace formula, which would naturally lead to the appearance of L-functions in
the spectral expansion. By carefully analyzing the geometric side, one could potentially
extract information about L-functions. A key ingredient in this approach is a Poisson sum-
mation formula on the Hitchin base. As highlighted in [Sak23b], the Kuznetsov quotient
appears to serve as the foundation for all relative trace formulae. In this paper, we introduce
Godement-Jacquet test functions into the Kuznetsov trace formula and establish a global
Poisson summation formula corresponding to the local Hankel transforms computed by H.
Jacquet in [Jac03]. Specifically, we prove the commutativity of the following diagram:

D−
L(std, 12)

(N(A),ψ\GL2(A)/N(A),ψ)
KTF

󰈝󰈝❚❚
❚❚❚

❚❚❚
❚❚❚

❚❚❚
❚❚

Hstd,A 󰈣󰈣 D−
L(std∨, 12)

(N(A),ψ\GL2(A)/N(A),ψ)

KTF

󰉩󰉩❥❥❥
❥❥❥

❥❥❥
❥❥❥

❥❥❥
❥

C

to obtain the analytic continuation and functional equations of standard L-functions of GL2.
In the above diagram,

D−
L(std, 12)

(N(A),ψ\G(A)/N(A),ψ) := ⊗′
νD−

L(std, 12)
(Nν ,ψν\Gν/Nν ,ψν)

is the restricted tensor product of local spaces with basic vectors given in Definition 2.6, and
the local space D−

L(std, 12)
(Nν ,ψν\Gν/Nν ,ψν) is defined to be the space of orbital integrals of

Schwartz functions on Mat2(kν) with a suitable normalization, see Definition 2.5. Using the
coordinates of the maximal torus, KTF has the following explicit expression:

KTFL(std, 12)
(f) :=

󰁛

t∈T(k)

f

( dt)
1
2

(t) +
󰁛

t1∈k×
Ou,1,A(f)(t1) +

󰁛

t2∈k×
Ou,2,A(f)(t2),

a summation over the rational points of the maximal torus with boundary terms explicitly
given, which are hidden in the expression of local Hankel transforms. For unexplained
notations, see Section 2 and Section 3.

Notably, this paper relies solely on the local theory developed in [GJ72] and does not
invoke any global theory, including the global Poisson summation formula on Mat2(A). This
represents a novel approach to establishing the analytic continuation and functional equations
of standard L-functions for GL2. One advantage of this method is that it avoids reliance on
the highly non-trivial Poisson summation formula for general reductive groups. Moreover,
this approach offers a more systematic framework for studying automorphic L-functions.
Provided that the appropriate local theory, as proposed in [Ngo20], is available, along with
the machinery of a general trace formula and Poisson summation formula on the level of
orbital integrals, the analytic continuation and functional equations can be derived. It is
also worth noting that Z. Luo and B. C. Ngô have recently made significant progress in the
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development of the local theory proposed by A. Braverman and D. Kazhdan, as detailed in
[LN24].

Motivated by the work [Sak19a] of Y. Sakellaridis, this paper presents two distinct proofs of
the Poisson summation formula. The first proof is indirect, achieved through a descent from
the Poisson summation formula on Mat2(A). This part can be regarded as a verification
from the perspective of this paper. However, the primary focus is on the second proof,
which provides a direct, self-contained argument that relies on a two-step application of the
classical one-dimensional Poisson summation formula. The overarching principle guiding
this approach is that the establishment of local Hankel transforms on the level of orbital
integrals provides critical insights into the formulation of the boundary terms in the Poisson
summation formula. By decomposing local Hankel transforms into compositions of classical
Fourier transforms with appropriate correction factors, it becomes feasible to derive the
Poisson summation formula without explicit reference to the upstairs space. Once the Poisson
summation formula is established on the level of orbital integrals, it can be integrated into
the trace formula to derive the functional equations of automorphic L-functions, a central
objective of the latter part of this paper.

In this context, we construct a Kuznetsov-type trace formula utilizing non-standard test
functions coming from Schwartz functions on Mat2. As anticipated, the geometric side of this
trace formula exhibits a close relationship with the Poisson summation formula developed
herein. On the spectral side, the expansion has been previously established in [Wu22]. When
examining the Eisenstein series component of the trace formula, it is expected to reduce to
the lower-rank case, specifically to the setting of J. Tate’s thesis [Tat67]. To isolate a single
cuspidal spectrum, we adopt a technique analogous to that employed in [Sak19a], interpreting
the trace formula as a measure on the unramified Hecke algebra. This methodology enables us
to establish the analytic continuation and functional equations of the standard L-functions.

A noteworthy phenomenon observed in this analysis is that, during analytic continuation,
the boundary terms arising from the Poisson summation formula manifest as residues of the
Eisenstein series component in the spectral expansion. These boundary terms, arising on
the geometric side, ultimately cancel against the corresponding contributions from Eisenstein
series. For a comprehensive treatment of these results, the reader is directed to Section 5
and Section 6.

The key elements of this paper are the Poisson summation formula on the level of orbital
integrals and the trace formula. In the Beyond Endoscopy program, by employing the non-
standard test functions in the trace formula, we can encode the information of L-functions
in the spectral expansion of the trace formula. The primary challenge on the geometric
side lies in formulating a Poisson summation formula. The central idea of this approach
is that we do not necessarily require a Poisson summation formula on the geometric space
itself; instead, a Poisson summation formula on the level of orbital integrals suffices for
applying the trace formula. In this framework, the local Hankel transforms serve as the
foundation of our Poisson summation formula. Just as we do in this paper, as long as we can
decompose the Hankel transforms into a composition of classical one-dimensional Fourier
transforms with certain correction factors, these classical Fourier transforms will guide us
in constructing a global Poisson summation formula. Rather than focusing on the Poisson
summation formula in the upstairs space, the Poisson summation formula on the level of
orbital integrals appears more attainable from this perspective. The remaining challenge
is to determine how to decompose the local Hankel transforms, a problem that remains
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unresolved in general. However, progress has been made in specific cases, as evidenced by
[Sak19b, Sak22, Sak23a].

1.1. Organization of the Paper. In Section 2, we will study properties of local orbital
integrals and recall the Hankel transforms established by H. Jacquet in [Jac03]. Then, in
Section 3, we will write down the global Poisson summation formula based on the local
Hankel transforms and give two proofs of it. In the following section, we will establish the
Kuznetsov trace formula with Schwartz functions from 2 × 2 matrices. This can be viewed
as one example of a trace formula with non-standard test functions. It turns out that the
Poisson summation formula that we constructed in the previous section is closely related to
the geometric side of the Kuznetsov trace formula. Then, in section 5, we will study the
analytic continuation of the geometric side and the Eisenstein series part from the spectrum
side of the trace formula. For the geometric side, we will use the Poisson summation formula
in Section 3, and the Eisenstein series part is essentially reduced to J. Tate’s thesis. Thus,
we can establish the analytic continuation of the cuspidal part. The next section will focus
on the functional equations. It also consists of two parts, the first of which is the functional
equations of the geometric part corresponding to the Poisson summation formula. Then,
we will compare the Eisenstein series parts according to the functional equations of the
GL1 integrals and obtain the functional equations for the cuspidal part. Finally, in the
last section, we isolate the spectrum and obtain the analytic continuation and functional
equations of the standard L-functions for a single cuspidal representation.

1.2. Notations and Conventions.

• In Section 2, we will use F to denote a local field, and use ψ to denote an additive
character. In the later sections, we will use k to denote a global field, A its ring of
adeles, and ψ : k\A → C× a global additive adelic character.

• We will reserve G to denote G = GL2 in this paper. Let T be the universal Cartan
of GL2, which can be identified with the maximal torus consisting of all diagonal
matrices in GL2. Let N be the unipotent subgroup of G consisting of all strictly upper
triangular matrices. We also view ψ as an additive character on N by identifying

N ∼= Ga :

󰀕
1 n
0 1

󰀖
󰀁→ n. Let w =

󰀕
0 1
1 0

󰀖
be the longest Weyl element, and B = TN.

By 󰂃∨i (i = 1, 2), we denote the character of the i-th coordinate of the torus of diagonal
elements, written additively. Write eα1 for the positive root, written multiplicatively.

• When the meaning is clear from the context, for a variety X over a local field F , we
denote the set of F -rational points X(F ) simply by X. If X is over a global field k,
we will use [X] := X(k)\X(A) to denote its adelic quotient.

• Let C = N\G // N, then T can be embedded as an open subset of C via t 󰀁→ wt.

• For a smooth function Ψ on G, we will use Oψ
t (Ψ) to denote its orbital integrals

Oψ
t (Ψ) :=

󰁝

N×N

Ψ(n1wtn2)ψ
−1(n1n2) dn1 dn2

for t ∈ T.
• Since G acts on G both on the left and on the right, we will use L and R to denote
its left and right action, and hence G also acts on functions of G by

L(g)Φ(x) := Φ(g−1x), R(g)Φ(x) := Φ(xg),

for g, x ∈ G, and Φ : G → C.
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• For a smooth variety X over a local field, we denote by F(X) the space of Schwartz
functions on the F -points of X. This means a smooth, rapid decay function in the
Archimedean case (see [AG08]) and smooth functions of compact support in the
non-Archimedean case. Similarly, we will use S(X) to denote the space of Schwartz
measures and D(X) the space of Schwartz half-densities. Often X(F ) is a homo-
geneous G(F )-space and admits an invariant positive measure dx, then we have

S(X) = F(X) dx and D(X) = F(X)( dx)
1
2 .

• For the notation of the Fourier transforms, let f be an half-density on T and λ∨ be
any cocharacter of T, s ∈ C, we define

Fψ
λ∨,sf(ξ) :=

󰁝

Gm

|x|sψ(x)f(λ∨(x)−1ξ) d×x,

whenever this integral makes sense.
• Let f be a one-variable function. We also use the usual Fourier transform on the
Affine line

Fψ(f)(x) :=

󰁝

A1

f(y)ψ−1(xy) dy

when the integral converges. When f is a multi-variable function, we will use Fψ,i(f)
to denote this Fourier transform for the i-th variable with other variables fixed. We

will also identify Mat2 ∼= A4 :

󰀕
x11 x12

x21 x22

󰀖
󰀁→ (x11, x12, x21, x22) and use Fψ,i to denote

the Fourier transform with respect to the i-th coordinate using this identification.

1.3. Acknowledgment. I want to thank my advisor, Prof. Dihua Jiang, for providing
continued support and encouragement, and for providing practical and thought-provoking
viewpoints. I am very grateful to Prof. Yiannis Sakellaridis for his suggestions during the
number theory seminar at Johns Hopkins University. I would also like to thank Xinchen
Miao and Guodong Xi for many helpful conversations and comments.

2. Local Theory

2.1. Spaces of Orbital Integrals. Let F be a local field in this section. We will use oF to
denote the ring of integers of F , ϖ a uniformizer. Let G = GL2. We will use Mat2 to denote
the space of 2 × 2 matrices. For the purpose of Hankel transforms that are responsible for
the functional equations, following [Sak19b], it is easier to work with half-densities, but one
may also freely transfer densities to functions and measures; see also [Sak19b].

Definition 2.1. Denote D(Mat2) the pull-back of Schwartz half-densities on Mat2 to GL2

via the natural embedding g 󰀁→ g. Note that a Schwartz half-density on Mat2 is of the form
Φ(x)( d+x)

1
2 , where Φ(x) is a usual Schwartz function on Mat2 and d+x is an additive Haar

measure on Mat2. Then its pull-back to GL2 is | det g|Φ(g)( dg) 1
2 , where dg =

d+g

| det g|2 is

the induced Haar measure on G. When there is no confusion, we will not distinguish the
Schwartz half-density on Mat2 and its pull-back to G.

Remark 2.2. Here we consider the natural action of G×G on both G and Mat2 by

x.(g1, g2) := g−1
1 xg2,

for x ∈ G or Mat2 and (g1, g2) ∈ G. Later, we will consider another embedding of G into
Mat2 via the inverse map and modify the G-action.
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Definition 2.3. For a smooth half-density Ψ(g)( dg)
1
2 on G, we define its twisted push-

forward to the open subset T of C as

δ
1
2 (t)Oψ

t (Ψ)( dt)
1
2 ,

where for t =

󰀕
t1 0
0 t2

󰀖
, δ(t) =

󰀏󰀏󰀏󰀏
t1
t2

󰀏󰀏󰀏󰀏,

Oψ
t (Ψ) =

󰁝

N×N

Ψ(n1wtn2)ψ
−1(n1n2) dn1 dn2,

and dt is the Haar measure on the torus T such that󰁝

G

Ψ(g) dg =

󰁝

T

δ(t)Otriv
t (Ψ) dt,(2.1)

whenever this integral converges.

Remark 2.4. In the following, we fix an additive character ψ : F → C, and choose the

Haar measure on Mat2 to be d+x := dx11 dx12 d21 dx22 for x =

󰀕
x11 x12

x21 x22

󰀖
with each dxij

being the self-dual Haar measure on the additive group F with respect to ψ. Then we choose

dg :=
d+g

| det g|2 . We also choose the Haar measure on N to be the self-dual Haar measure

with respect to ψ. Once all of these measures are chosen, the Haar measure dt on the torus
T is the one such that the integration formula (2.1) holds. Using these choices, when ψ is

unramified, we have

󰁝

T(oF )

1 dt = 1.

Definition 2.5. The image of the twisted push-forward of D(Mat2) is denoted by

D−
L(std, 1

2
)
(N,ψ\G/N,ψ).

More explicitly, for Φ ∈ F(Mat2), the twisted push-forward of | det g|Φ(g)( dg) 1
2 to T is

| det t|δ 1
2 (t)Oψ

t (Φ)( dt)
1
2 .

Definition 2.6. We define the basic vector f ◦ to be the twisted push-forward of 1Mat2(oF ),
the characteristic function of Mat2(oF ).

Proposition 2.7. The restriction of f ◦ to T(oF ) is ( dt)
1
2 in the case that ψ is unramified.

Proof. Note that we have
󰀕
1 n1

0 1

󰀖󰀕
0 t2
t1 0

󰀖󰀕
1 n2

0 1

󰀖
=

󰀕
t1n1 t1n1n2 + t2
t1 t1n2

󰀖
.

So in the case that t1, t2 ∈ o×F ,
󰀕
1 n1

0 1

󰀖󰀕
0 t2
t1 0

󰀖󰀕
1 n2

0 1

󰀖
∈ Mat2(oF )

if and only if n1, n2 ∈ oF . So we have Oψ
t (1Mat2(oF )) = 1 under the above conditions when

t ∈ T(oF ). Note that | det t| = δ
1
2 (t) = 1 as well in such a case, so f ◦|T(oF ) = ( dt)

1
2 . □
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Proposition 2.8. For fixed t1 ∕= 0,
f(t1, ·)

| det t|δ 1
2 (t)

( dt)
1
2 is of Schwartz type when t2 → ∞, and

can be extended across 0 smoothly. The extended function on F is a usual Schwartz function

on F , where t =

󰀕
t1 0
0 t2

󰀖
. Moreover, when F is non-Archimedean and t1 ∈ o×F ,

f ◦(t1, ·)
| det t|δ 1

2 (t)
( dt)

1
2 = 1oF (·).

Proof. Assume f is the twisted push-forward of Φ(x)( d+x)
1
2 , where Φ ∈ F(Mat2), then

f

| det t|δ 1
2 (t)( dt)

1
2

(t1, t2) =

󰁝

F×F

Φ

󰀕󰀕
1 n1

0 1

󰀖󰀕
0 t2
t1 0

󰀖󰀕
1 n2

0 1

󰀖󰀖
ψ−1(n1 + n2) dn1 dn2.

Note that 󰀕
1 n1

0 1

󰀖󰀕
0 t2
t1 0

󰀖󰀕
1 n2

0 1

󰀖
=

󰀕
t1n1 t1n1n2 + t2
t1 t1n2

󰀖
,

for fixed t1 ∈ F×, since the function Φ is of Schwartz type on Mat2, by looking at the
(1, 2)-entry and the (2, 1)-entry, this integral can be bounded by an integrable function that
is independent of t2, then by the dominant convergence theorem, we have

󰁝

F×F

Φ

󰀕󰀕
1 n1

0 1

󰀖󰀕
0 t2
t1 0

󰀖󰀕
1 n2

0 1

󰀖󰀖
ψ−1(n1 + n2) dn1 dn2

→
󰁝

F×F

Φ

󰀕󰀕
1 n1

0 1

󰀖󰀕
0 0
t1 0

󰀖󰀕
1 n2

0 1

󰀖󰀖
ψ−1(n1 + n2) dn1 dn2, t2 → 0.

When t2 → ∞, when F is non-Archimedean, when t1n1 and t2n2 are both in some compact
set, t2 + t1n1n2 → ∞ as t2 → ∞ since t1 ∈ F× is fixed, which means this integral is zero.
The second claim is clear.

When F is Archimedean, since for any differential operator with polynomial coefficient D,
we have DΦ is still a Schwartz function, then by dominant convergence theorem again we

see
f(t1, ·)

| det t|δ 1
2 (t)

( dt)
1
2 is a smooth function near 0. When t2 is near ∞, since

󰁝

|n1|2+|n2|2≫1

󰀏󰀏󰀏󰀏Φ
󰀕󰀕

n1
n1n2

t1
+ t2

t1 n2

󰀖󰀖󰀏󰀏󰀏󰀏 dn1 dn2 ≪ 1.

and
󰁝

|n1|2+|n2|2≪1

󰀏󰀏󰀏󰀏Φ
󰀕󰀕

n1
n1n2

t1
+ t2

t1 n2

󰀖󰀖󰀏󰀏󰀏󰀏 dn1 dn2 ≪
󰀏󰀏󰀏󰀏
n1n2

t1
+ t2

󰀏󰀏󰀏󰀏
−N

≪ |1 + t2|−N ,

then 󰀏󰀏󰀏󰀏󰀏
f(t1, ·)

| det t|δ 1
2 (t)

( dt)
1
2

󰀏󰀏󰀏󰀏󰀏 ≪ |1 + t2|−N .

Since again the derivatives of Φ is still a Schwartz function, we see all the derivatives of
f(t1, ·)

| det t|δ 1
2 (t)

( dt)
1
2 are of rapid decay at ∞, i.e.,

f(t1, ·)
| det t|δ 1

2 (t)
( dt)

1
2 is a Schwartz function. □
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Motivated by the Hankel transform in Section 2.2 calculated by [Jac03] and the global
application, let us introduce the following intermediate half-densities and normalized inter-
mediate functions:

Definition 2.9. Let f ∈ D−
L(std, 12)

(N,ψ\G/N,ψ), we define its intermediate half-density as

ϕf := ψ(−eα1) ◦ Fψ

−󰂃∨2 ,
1
2

(f),

where ψ(−eα1) is the multiplication

󰀕
t1 0
0 t2

󰀖
󰀁→ ψ

󰀓
− t2

t1

󰀔
. We define the normalized inter-

mediate function

󰁩ϕf (t) :=
ϕf (t1, t2)
󰀏󰀏󰀏 t1t2

󰀏󰀏󰀏
1
2
( dt)

1
2

,

where t =

󰀕
t1 0
0 t2

󰀖
.

Lemma 2.10. If we write f = | det t|δ 1
2 (t)Ot(Φ), then

󰁩ϕf (t1, t2) = |t1|ψ
󰀕
−t2
t1

󰀖
Fψ,2(Oψ

(t1,·)(Φ))

󰀕
− 1

t2

󰀖
,

where Fψ,2 is the Fourier transform with respect to the second variable, which makes sense
according to Proposition 2.8.

Proof. Write f = |t1|
3
2 |t2|

1
2Oψ

Φ(t1, t2)( dt)
1
2 with Φ ∈ F(Mat2). Then we have

Fψ

−󰂃∨2 ,
1
2

(f)(t1, t2) =

󰁝

F×
f(t1, t2x)ψ(x)|x|

1
2 d×x

=

󰁝

F

|t1|
3
2 |t2x|

1
2Oψ

Φ(t1, t2x)( dt)
1
2ψ(x)|x| 12 d×x.

By making a change of variable x 󰀁→ t−1
2 x, we get

Fψ

−󰂃∨2 ,
1
2

(f)(t1, t2)

( dt)
1
2

= |t1|
3
2 |t2|−

1
2

󰁝

F

Oψ
Φ(t1, x)ψ(t

−1
2 x) dx.

□
Proposition 2.11. For fixed t2 ∈ F×, 󰁩ϕf (·, t2) is of Schwartz type near ∞, and

󰁩ϕf (0, t2) := lim
t1→0

󰁩ϕf (t1, t2)

exists. So for fixed t2 ∈ F×, 󰁩ϕf (·, t2) is a Schwartz function on F . Moreover, when t2 ∈ o×F
and ψ is unramified,

󰁪ϕf◦(·, t2) = 1oF (·).

Proof. Let us expand Oψ
Φ, then Fψ,2(Oψ

(t1,·)(Φ))
󰀓
− 1

t2

󰀔
is

󰁝

F

󰁝

F×F

Φ

󰀕󰀕
t1n1 x+ t1n1n2

t1 t1n2

󰀖󰀖
ψ−1(n1 + n2) dn1 dn2 · ψ(t−1

2 x) dx.
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Let x+ t1n1n2 󰀁→ x, t1n1 󰀁→ n1 and t1n2 󰀁→ n2, we have the above is
󰁝

F 3

Φ

󰀕󰀕
n1 x
t1 n2

󰀖󰀖
ψ−1

󰀕
n1 + n2

t1

󰀖
ψ

󰀕
xt1 − n1n2

t1t2

󰀖
|t1|−2 dn1 dn2 dx.

Therefore we have

Fψ

−󰂃∨2 ,
1
2

(f)(t1, t2)

( dt)
1
2

= |t1t2|−
1
2 ·

󰁝

F 3

Φ

󰀕󰀕
n1 x
t1 n2

󰀖󰀖
ψ

󰀕
x

t2

󰀖
ψ

󰀕
−n1 + n2

t1
− n1n2

t1t2

󰀖
dx dn1 dn2

(2.2)

= |t1t2|−
1
2

󰁝

F

Fψ,1Fψ,2Φ

󰀕󰀕
1
t1
+ n2

t1t2
− 1

t2
t1 n2

󰀖󰀖
ψ

󰀕
−n2

t1

󰀖
dn2.(2.3)

Make a change of variable that n2 = t1t2z − t2, then we have

Fψ

−󰂃∨2 ,
1
2

(f)(t1, t2)

( dt)
1
2

= |t1t2|
1
2

󰁝

F

Fψ,1Fψ,2Φ

󰀕󰀕
z − 1

t2
t1 t1t2z − t2

󰀖󰀖
ψ

󰀕
t2
t1

− t2z

󰀖
dz.

Therefore,

󰁩ϕf (t1, t2) = |t2|
󰁝

F

Fψ,1Fψ,2Φ

󰀕󰀕
z − 1

t2
t1 t1t2z − t2

󰀖󰀖
ψ (−t2z) dz.

Then 󰁩ϕf (·, t2) is a Schwartz function of t1 for fixed t2 ∈ F×.
When F is non-Archimedean, t2 ∈ o× and ψ is unramified, we can choose

Φ11 = Φ12 = Φ21 = Φ22 = 1oF ,

then we have

󰁪ϕf◦(t1, t2) = 1Mat2(oF )(t1)

󰁝

F

1Mat2(oF )(z)1Mat2(oF )(t1z)ψ
−1(z) dz = 1oF (t1).

□
Let Mat∨2 be the dual space of Mat2, which can be identified with Mat2 via the trace

pairing. But we embed G ↩→ Mat∨2 via the inverse map g 󰀁→ g−1, and the action is given by
X(g1, g2) := g−1

2 Xg1. Then G ↩→ Mat∨2 is G×G-equivariant.

Definition 2.12. Let D(Mat∨2 ) be the pull-back of Schwartz half-densities of Mat∨2 to G

via the above embedding. In this case, for Φ ∈ S(Mat∨2 ), the pull-back of Φ(x)( dx)
1
2 is

| det g|−1Φ(g−1)( dg)
1
2 . We use D−

L(std∨, 12)
(N,ψ\G/N,ψ) to be the image of the twisted push-

forward of D(Mat∨2 ) to the open subset T of C. More explicitly, the twisted push-forward of

| det g|−1Φ(g−1)( dg)
1
2 is

| det t|−1δ
1
2 (t)

󰁝

N×N

Φ((n1wtn2)
−1)ψ−1(n1n2) dn1 dn2 · ( dt)

1
2 = | det t|−1δ

1
2 (t)Oψ−1

wt−1w(Φ)( dt)
1
2 .

Definition 2.13. We write f ◦,∨ for the basic vector that is defined to be the twisted push-
forward of 1Mat∨2 (oF )( dx)

1
2 ∈ S(Mat∨2 ).

Similar to the above case, we have

Proposition 2.14. The restriction of f ◦,∨ to T(oF ) is ( dt)
1
2 in the case that ψ is unramified.
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We also have the exact proofs of the parallel version of Proposition 2.8 and Proposition
2.11.

Proposition 2.15. For fixed t2 ∕= 0,
f((·)−1, t2)

| det t|−1δ
1
2 (t)

( dt)
1
2 can be extended to a Schwartz

function on F , where t =

󰀕
t1 0
0 t2

󰀖
.

Definition 2.16. Let f ∈ D−
L(std∨, 12)

(N,ψ\G/N,ψ), we define its intermediate half-density

as
∨ϕf := ψ−1(−eα1) ◦ F󰂃∨1 ,

1
2
(f),

where ψ−1(−eα1) is still the multiplication

󰀕
t1 0
0 t2

󰀖
󰀁→ ψ−1

󰀓
− t2

t1

󰀔
. We define the normalized

intermediate function.

󰁪∨ϕf :=
∨ϕf (t1, t2)
󰀏󰀏󰀏 t1t2

󰀏󰀏󰀏
1
2
( dt)

1
2

,

where t =

󰀕
t1 0
0 t2

󰀖
.

Lemma 2.17. If we write f = | det t|−1δ
1
2 (t)Oψ−1

wt−1w(Φ), then

󰁪∨ϕf (t1, t2) = |t2|−1ψ−1

󰀕
−t2
t1

󰀖
Fψ−1,2(Oψ−1

(t−1
2 ,·)(Φ)) (−t1) ,

where Fψ,2 is the Fourier transform with respect to the second variable, which makes sense
according to Proposition 2.8.

Proof. The proof is the same as Lemma 2.10. □

Proposition 2.18. If we write f = | det t|−1δ
1
2 (t)Oψ−1

wt−1w(Φ), then for fixed t1 ∈ F×,
󰁪∨ϕf (t1, (·)−1) is of Schwartz type on F . In particular,

󰁪∨ϕf (t1,∞) := lim
t2→∞

󰁪∨ϕf (t1, t2)

exists.

Proof. The proof is the same as Proposition 2.11. □
2.2. Hankel Transform. Consider the classical Fourier transform F(Mat2) → F(Mat∨2 )
on the space of matrices:

Φ(x) 󰀁→ 󰁥Φ(x),
where

󰁥Φ(x) :=
󰁝

Mat2

Φ(y)ψ(tr(yx)) d+y.

Then Φ 󰀁→ 󰁥Φ is G × G-equivariant with respect to the G × G actions on Mat2 and Mat∨2
that we defined in the previous section. This Fourier transform induces a Fourier transform

F on D(Mat2) → D(Mat∨2 ) : Φ(x)( dx)
1
2 󰀁→ 󰁥Φ(x)( dx) 1

2 . This Fourier transform descends to
the level of orbital integrals, and we have a beautiful formula to describe it on the level of
orbital integrals.
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Theorem 2.19 ([Jac03, Sak19b]). We have a commutative diagram

D(Mat2) D(Mat∨2 )

D−
L(std, 12)

(N,ψ\G/N,ψ) D−
L(std∨, 12)

(N,ψ\G/N,ψ)

Fstd

Hstd

and Hstd is given by the following formula

Hstd = Fψ

−󰂃∨1 ,
1
2

◦ ψ(−e−α1) ◦ Fψ

−󰂃∨2 ,
1
2

.

Remark 2.20. The calculation of this descent of the Fourier transform for general GLn first
appeared in [Jac03, Theorem 1], and was written in the above form in [Sak19b, Theorem 8.1].
For the convenience of later reference and further comparison with the notations in [Jac03],
let us copy the proof of [Sak19b, Theorem 8.1] here.

Proof. Let Φ ∈ F(Mat2), recall that [Jac03] used the notation

Ω(Φ,ψ−1, t) :=

󰁝

N×N

Φ(tn1tn2)ψ
−1(n1n2) dn1 dn2

to denote the orbital integral. Note that tn1 = wtw, so we have Ω(Φ,ψ−1 : t) = OL(w)Φ(t).
And in [Jac03], the normalization is

󰁨Ω(Φ,ψ−1 : t) := |t1|Ω(Φ,ψ−1 : t),

so if we write f(t) for the twisted push-forward of | det g|Φ(g)( dg) 1
2 , then we have f(t) =

|t1t2|
1
2 󰁨Ω(L(w)Φ,ψ−1 : t)( dt)

1
2 .

Since the Fourier transform of | det g|Φ(g)( dg) 1
2 is 󰁥Φ(x)( dx) 1

2 on Mat∨2 , whose pull-back

to G is | det g|−1󰁥Φ(g−1)( dg)
1
2 . Then, its twisted push-forward is

| det t|−1δ1/2(t)

󰁝

N×N

󰁥Φ(n1w · wt−1w · n2)ψ(n1n2) dn1 dn2 · ( dt)
1
2 ,

which is

| det t|−1δ
1
2 (t)

󰁝

N×N

󰁥Φ(wtn1wt
−1wn2)ψ(n1n2) dn1 dn2 · ( dt)

1
2 ,

and this is |t1t2|−
1
2 󰁨Ω(L(w)󰁥Φ,ψ, wt−1w)( dt)

1
2 . Note that we have L(w)󰁥Φ = (L(w)Φ)∨ using

the notation of [Jac03]. Then we have

Fψ

−󰂃∨1 ,
1
2

◦ ψ(−e−α1) ◦ Fψ

−󰂃∨2 ,
1
2

(f)(t1, t2)

= Fψ

−󰂃∨1 ,
1
2

󰀕
(b1, b2) 󰀁→ ψ

󰀕
−b2
b1

󰀖
Fψ

−󰂃∨2 ,
1
2

(f)(b1, b2)

󰀖

=

󰁝

F×
|p1|

1
2ψ(p1)ψ

󰀕
− t2
p1t1

󰀖
Fψ

−󰂃∨2 ,
1
2

(f)(p1t1, t2) d
×p1

=

󰁝

F×
|p1|

1
2ψ(p1)ψ

󰀕
− t2
p1t1

󰀖󰁝

F×
|p2|

1
2ψ(p2)f(p1t1, p2t2) d

×p2 d
×p1

=

󰁝

F×

󰁝

F×
|p1p2|

1
2ψ

󰀕
p1 + p2 −

t2
p1t1

󰀖
f(p1t1, p2t2) d

×p2 d
×p1.
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Make use of the relation that f(t) = |t1t2|
1
2 󰁨Ω((w, 1)Φ,ψ−1 : t)( dt)

1
2 , we have the above is

󰁝

F

󰁝

F

|p1p2|
1
2ψ

󰀕
p1 + p2 −

t2
p1t1

󰀖
|p1t1p2t2|

1
2 󰁨Ω

󰀕
(w, 1)Φ,ψ−1 :

󰀕
p1t1 0
0 p2t2

󰀖󰀖

· ( dp1t1)
1
2 ( dp2t2)

1
2 d×p2 d

×p1

=

󰁝

F

󰁝

F

|t1t2|
1
2ψ

󰀕
p1 + p2 −

t2
p1t1

󰀖
󰁨Ω
󰀕
(w, 1)Φ,ψ−1 :

󰀕
p1t1 0
0 p2t2

󰀖󰀖
dp2 dp1 · ( dt1)

1
2 ( dt2)

1
2

= |t1t2|−
1
2

󰁝

F

󰁝

F

ψ

󰀕
p1
t1

+
p2
t2

− t2
p1

󰀖
󰁨Ω
󰀕
(w, 1)Φ,ψ−1 :

󰀕
p1 0
0 p2

󰀖󰀖
dp2 dp1( dt1)

1
2 ( dt2)

1
2

= |t1t2|−
1
2 󰁨Ω

󰀕
(L(w)Φ)∨,ψ :

󰀕
t−1
2 0
0 t−1

1

󰀖󰀖
( dt)

1
2

= Hstd(f),

where the last but two equality is [Jac03, Theorem 1]. □
Remark 2.21. Using the notation in Proposition 2.9, we have

Hstd(f) = Fψ

−󰂃∨1 ,
1
2

(ϕf ).

More explicitly, we have

Hstd(f)

( dt)
1
2

(t1, t2) = |t1t2|−
1
2

󰁝

F

󰁩ϕν(x, t2)ψ

󰀕
x

t1

󰀖
dx

= |t1t2|−
1
2Fψ,1(󰁩ϕf (·, t2))

󰀕
− 1

t1

󰀖
.

Also note that H−1
std = Fψ−1

󰂃∨2 ,
1
2

◦ ψ−1(−e−α1) ◦ Fψ−1

󰂃∨1 ,
1
2

, then for f ∈ D−
L(std∨, 12)

(N,ψ\G/N,ψ),

we have
H−1

std(f) = Fψ−1

󰂃∨2 ,
1
2

(∨ϕf ).

and

Hstd(f)

( dt)
1
2

(t1, t2) = |t1t2|
1
2

󰁝

F

󰁪∨ϕf (t1, x
−1)ψ−1 (xt2) dx

= |t1t2|
1
2Fψ−1,2(󰁪∨ϕf (t1, (·)−1)) (−t2) .

Let H := H(G,G(o)) be the spherical Hecke algebra, which acts on G(o)-invariant func-
tions on G by convolution:

h 󰂏 f(g) :=

󰁝

G

h(xg−1)f(g) dg, h ∈ H, g ∈ G.

Then, to isolate the global spectrum in Section 7, we need the following fundamental lemma
for spherical Hecke algebra:

Proposition 2.22. Let Φ be a Schwartz function on Mat2, then for h ∈ H, we have have

󰁥h 󰂏 Φ = (h(·)| det ·|2) 󰂏 󰁥Φ
as functions on G. In particular, if ψ is unramified, we have

󰁦h 󰂏 1Mat2(o) = (h(·)| det ·|2) 󰂏 1Mat2(o).
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Proof.

󰁥h 󰂏 Φ(x) =

󰁝

Mat2

h 󰂏 Φ(y)ψ(tr(yx−1)) d+y

=

󰁝

Mat2

󰁝

G

h(yg−1)Φ(g) dgψ(tr(yx−1)) d+y

=

󰁝

Mat2

󰁝

G

h(g−1)Φ(gy) dgψ(tr(yx−1)) d+y

=

󰁝

G

h(g−1)

󰁝

Mat2

Φ(y)ψ(tr(yx−1g−1))| det g|−2 d+y

=

󰁝

G

h(g−1)󰁥Φ(gx)| det g|−2 dg

=

󰁝

G

h(xg−1)| det xg−1|2󰁥Φ(g) dg.

In particular, if ψ is unramified, we have 󰁦1Mat2(o) = 1Mat2(o), then

󰁦h 󰂏 1Mat2(o) = (h(·)| det ·|2) 󰂏 1Mat2(o).

□
2.3. Irregular Distributions. In this section, we consider two types of irregular distribu-
tions on the space of orbital integrals that contribute to the boundary terms in the global
Poisson summation formula.

Due to Proposition 2.8, we have the following definition

Definition 2.23. We define the first type irregular distribution on D−
L(std, 12)

(N,ψ\G/N,ψ)

as the following:

Ou,1(f)(t1) := lim
t2→0

f

| det t|δ 1
2 (t)( dt)

1
2

(t1, t2), f ∈ D−
L(std, 12)

(N,ψ\G/N,ψ), t1 ∈ F×,

where t =

󰀕
t1 0
0 t2

󰀖
.

We have a parallel version for the dual side D−
L(std∨, 12)

(N,ψ\G/N,ψ):

Definition 2.24. We define the first type irregular distribution on D−
L(std∨, 12)

(N,ψ\G/N,ψ)

as the following:

O∨
u,1(f)(t2) := lim

t1→∞

f

| det t|−1δ
1
2 (t)( dt)

1
2

(t1, t2), f ∈ D−
L(std∨, 12)

(N,ψ\G/N,ψ), t2 ∈ F×,

where t =

󰀕
t1 0
0 t2

󰀖
.

We need the following easy lemma in Section 3.3:

Lemma 2.25. If the half-density is of the form Hstd(f) for some f ∈ DL(std, 12)
(N,ψ\G/N,ψ),

then we have
O∨

u,1(Hstd(f))(t2) = |t2|Fψ,1(󰁩ϕf (·, t2))(0).
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Proof. This follows from Remark 2.21 directly. □
Motivated by Theorem 2.19 and Proposition 2.11, we have the following second type

irregular distributions

Definition 2.26. We define the second type irregular distribution on D−
L(std, 12)

(N,ψ\G/N,ψ)

in the following way:
Ou,2(f)(t2) := 󰁩ϕf (0, t2), t2 ∈ F×.

To relate it to orbital integrals of the upstairs function, it turns out that it comes from
the central orbital integral. Let Φ(x) be a Schwartz function on Mat2, and z ∈ F×, consider
the orbital integral

φΦ(z) :=

󰁝

N

Φ(zI2 · n)ψ−1(n) dn,

where the notation indicates that it is related to the function φ used in [Jac03]. We have

Proposition 2.27.
φΦ(z) = |z|−2󰁩ϕf (0,−z),

where f is the twisted push forward of Φ(x)( dx)
1
2 and 󰁩ϕf is the normalized intermediate

function of f defined in Definition 2.9.

Proof. Using the notations in [Jac03], φΦ(z) = Ω((w, 1)Φ,ψ−1 : wz). According to [Jac03,
Proposition 4], φΦ(z) is a smooth function with compact support on F×, and is given by

φΦ(z) = |z|−3

󰁝

F

Ω

󰀕
((w, 1)Φ)∨,ψ :

󰀕
−z−1 0
0 t1

󰀖󰀖
dt1.

Note that Ω

󰀕
((w, 1)Φ)∨,ψ :

󰀕
−z−1 0
0 t1

󰀖󰀖
=

Hstd(f)

( dt)
1
2

(t−1
1 ,−z)|t1|−

1
2 |z| 32 , so the above inte-

gral is 󰁝

F

Hstd(f)

( dt)
1
2

(t−1
1 ,−z)|t1|−

1
2 |z|− 3

2 dt1 =

󰁝

F

Hstd(f)

( dt)
1
2

(t1,−z)|bz|− 3
2 dt1.

According to Remark 2.21, we have

Hstd(f)(t1,−z) = Fψ−1

󰂃∨2 ,
1
2

(ϕf )(t1,−z)

=

󰁝

F

󰁩ϕf (x,−z)ψ(t−1
1 x) dx · |t1|−

1
2 |z|− 1

2 ( dt1)
1
2 ( dz)

1
2

= Fψ,1(󰁩ϕf )(−t−1
1 ,−z)|t1|−

1
2 |z|− 1

2 ( dt1)
1
2 ( dz)

1
2 .

Therefore 󰁝

F

Hstd(f)

( dt)
1
2

(t1,−z)|t1z|−
3
2 dt1

=

󰁝

F

Fψ,1(󰁩ϕf )(−t−1
1 ,−z)|t1|−2|z|−2 dt1

= |z|−2󰁩ϕf (0,−z)

according to the Fourier inversion formula since 󰁩ϕf (·, z) is a Schwartz function on F for fixed
z ∈ F× due to Proposition 2.11.

□
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We also have the counterpart for the dual space D−
L(std∨, 1

2)
(N,ψ\G/N,ψ).

Definition 2.28. We define the second type irregular distribution on D−
L(std∨, 12)

(N,ψ\G/N,ψ)

in the following way:

O∨
u,2(f)(t1) := 󰁪∨ϕf (t1,∞), f ∈ D−

L(std∨, 12)
(N,ψ\G/N,ψ), t1 ∈ F×.

Let Φ ∈ S(Mat∨2 ), consider the corresponding integral

∨φΦ(z) :=

󰁝

N

Φ(z−1I2 · n)ψ(n) dn,

we have

Proposition 2.29.
∨φΦ(z) = |z|2 · 󰁪∨ϕf (−z−1,∞),

where f is the twisted push forward of Φ(x)( d+x)
1
2 , and 󰁪∨ϕf is the normalized intermediate

function of f defined in Definition 2.16.

Proof. Using the notations in [Jac03], φ∨
Φ(z) = Ω((w, 1)Φ,ψ : wz). According to [Jac03,

Proposition 4] again, φ∨
Φ(z) is a smooth function with compact support on F×, and is given

by

φ∨
Φ(z) = |z|3

󰁝

F

Ω

󰀕
((w, 1)Φ)∨,ψ−1 :

󰀕
−z

t2

󰀖󰀖
dt2.

Note that Ω

󰀕
((w, 1)Φ)∨,ψ−1 :

󰀕
−z 0
0 t2

󰀖󰀖
=

H−1
std(f)

( dt)
1
2

(−z, t2)|t2|−
1
2 |z| 32 , so the above inte-

gral is
󰁝

F

H−1
std(f)

( dt)
1
2

(−z, t2)|t2|−
1
2 |z| 32 dt2 =

󰁝

F

H−1
std(f)

( dt)
1
2

(−z, t−1
2 )|t2z−1|− 3

2 dt2.(2.4)

According to Remark 2.21, we have

H−1
std(f)(−z, t−1

2 ) = F󰂃∨2 ,
1
2
(∨ϕf )(−z, t−1

2 )

=

󰁝

F

󰁪∨ϕf (−z, x−1)ψ−1(t−1
2 x) dx · |t2|−

1
2 |z| 12 ( dt2)

1
2 ( dz)

1
2

= Fψ−1,2(
∨󰁩ϕf (−z, (·)−1))(−t−1

2 )|t2|−
1
2 |z| 12 ( dt2)

1
2 ( dz)

1
2 .

Therefore
󰁝

F

H−1
std(f)

( dt)
1
2

(−z, t−1
2 )|t2z−1|− 3

2 dt2

=

󰁝

F

Fψ−1,2(
∨󰁩ϕf (−z, (·)−1))(−t−1

2 )|t2|−2|z|2 dt2

= |z|2󰁪∨ϕf (−z,∞)

according to the Fourier inversion formula again. □

Let us conclude this section with another lemma that will be used in Section 3.3:
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Lemma 2.30. Let f ∈ D−
L(std, 12)

(N,ψ\G/N,ψ), then we have

O∨
u,2(Hstd(f))(z) = |z|3Fψ,2(O(−z,·)(Φ))(0)

if f is the twisted push-forward of Φ(x)( d+x)
1
2 .

Proof. According to (2.4), in the case that f is the twisted push-forward of Φ(x)( d+x)
1
2 , we

have

O∨
u,2(Hstd(f))(z) =

󰁝

F

|− z| 32 |t2|
1
2OΦ(−z, t2)|t2|−

1
2 |z| 32 dt2 = |z|3Fψ,2(O(−z,·)(Φ))(0).

□

3. Global Theory

3.1. Orbital Integrals, Hankel Transforms, and the Poisson Summation Formula.
In the following sections, let k be a global field, and for each place ν of k, we set kν to be the
completion of k at ν. Write oν and ϖν for the ring of integers and a local uniformizer if ν is a
finite place. Let A be the ring of adeles of k. We fix an adelic character ψ = ⊗′

νψν : A/k → C.
To emphasize the place ν, we will use D(Mat2,ν), D(Mat∨2,ν), D−

L(std, 12)
(Nν ,ψν\Gν/Nν ,ψν),

D−
L(std∨, 12)

(Nν ,ψν\Gν/Nν ,ψν) to denote the local spaces that we defined in Section 2.1 when

F = kν . We will use f ◦
ν and f ◦,∨

ν to denote the basic vectors, and Hstd,ν to be the Hankel
transform. We also use Ou,1,ν , O∨

u,1,ν , Ou,2,ν and O∨
u,2,ν to denote the irregular distributions.

We will also use Fψν ,Fψν ,i to denote the local Fourier transform with respect to ψν , the
partial Fourier transforms with the i-th variable, and will use Fψ = ⊗′

νFψν ,Fψ,i,A = ⊗′
νFψν ,i

to denote their global versions.

Definition 3.1. We define the global space of orbital integrals

D−
L(std, 12)

(N(A),ψ\G(A)/N(A),ψ) := ⊗′
νD−

L(std, 12)
(Nν ,ψν\Gν/Nν ,ψν),

where the restricted tensor product is taken with respect to the basic vectors f ◦
ν . We define

D−
L(std∨, 12)

(N(A),ψ\G(A)/N(A),ψ) in a similar way.

Remark 3.2. Thanks to Proposition 2.7, the restriction of f ◦
ν to T(oν) is ( dtν)

1
2 for almost

all ν, then we can identify D−
L(std, 12)

(N(A),ψ\G(A)/N(A),ψ) as half-densities on T(A).

According to Proposition 2.22, we can define a global Hankel transform

Hstd,A := ⊗′Hstd,ν : D−
L(std, 12)

(N(A),ψ\G(A)/N(A),ψ) → D−
L(std∨, 12)

(N(A),ψ\G(A)/N(A),ψ).

Now, we state the global Poisson summation formula on the level of orbital integrals. Let
f ∈ D−

L(std, 12)
(N(A),ψ\G(A)/N(A),ψ), we first define

Definition 3.3.

KTFL(std, 12)
(f) :=

󰁛

t∈T(k)

f

( dt)
1
2

(t) +
󰁛

t1∈k×
Ou,1,A(f)(t1) +

󰁛

t2∈k×
Ou,2,A(f)(t2),

where Ou,1,A := ⊗′
νOu,1,ν and Ou,2,A := ⊗′

νOu,2,ν.
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Similarly for f ∈ D−
L(std∨, 12)

(N(A),ψ\G(A)/N(A),ψ), we define

KTFL(std∨, 12)
(f) :=

󰁛

t∈T(k)

f

( dt)
1
2

(t) +
󰁛

t2∈k×
O∨

u,1,A(f)(t2) +
󰁛

t1∈k×
O∨

u,2,A(f)(t1),

where O∨
u,1,A := ⊗′

νO∨
u,1,ν and Ou,2,A := ⊗′

νO∨
u,2,ν .

We need the following lemmas to guarantee the absolute convergence of the sums in the
above Definition 3.3.

Lemma 3.4.

For f ∈ D−
L(std, 12)

(N(A),ψ\G(A)/N(A),ψ) (resp. D−
L(std∨, 12)

(N(A),ψ\G(A)/N(A),ψ)), we
have

(1)
󰁛

t∈T(k)

f

( dt)
1
2

(t) is absolutely convergent.

(2)
󰁛

t1∈k×
Ou,1,A(f)(t1) (resp.

󰁛

t2∈k×
O∨

u,1,A(f)(t2)) is absolutely convergent.

(3)
󰁛

t2∈k×
Ou,2,A(f)(t2) (resp.

󰁛

t1∈k×
O∨

u,2,A(f)(t1)) is absolutely convergent.

Proof. We only prove the statements for f ∈ D−
L(std, 12)

(N(A),ψ\G(A)/N(A),ψ). Let Φ be a

Schwartz function on Mat2(A) such that f is the twisted push-forward of Φ(x)( dx)
1
2 . Let

us consider (1) and (2) together.
Note that we have

󰁛

t∈T(k)

󰀏󰀏󰀏󰀏󰀏
f

( dt)
1
2

(t)

󰀏󰀏󰀏󰀏󰀏+
󰁛

t1∈k×
Ou,1,A(f)(t1)

=
󰁛

t1∈k×,t2∈k

󰀏󰀏󰀏󰀏
󰁝

N(A)×N(A)
Φ

󰀕
n1w

󰀕
t1 0
0 t2

󰀖
n2

󰀖
ψ−1(n1n2) dn1 dn2

󰀏󰀏󰀏󰀏

≤
󰁛

t1∈k×,t2∈k

󰁝

N(A)×N(A)

󰀏󰀏󰀏󰀏Φ
󰀕󰀕

t1n1 t1n1n2 + t2
t1 t1n2

󰀖󰀖󰀏󰀏󰀏󰀏 dn1 dn2.

We may assume Φ is positive, and applying the Poisson summation formula, we have

󰁛

t2∈k

Φ

󰀕󰀕
t1n1 t1n1n2 + t2
t1 t1n2

󰀖󰀖
=

󰁛

t2∈k

Fψ,2Φ

󰀕󰀕
t1n1 t2
t1 t1n2

󰀖󰀖
ψ(t1t2n1n2),

which is bounded by

󰁛

t2∈k

󰀏󰀏󰀏󰀏Fψ,2Φ

󰀕󰀕
t1n1 t2
t1 t1n2

󰀖󰀖󰀏󰀏󰀏󰀏 .

Therefore, (1) and (2) are proved.
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As for (3), according to Proposition 2.27, we have

󰁛

t2∈k×
|Ou,2,A(f)(t2)| =

󰁛

z∈k×

󰀏󰀏󰀏󰀏
󰁝

N(A)
Φ(zI2 · n)ψ−1(n) dn

󰀏󰀏󰀏󰀏

≤
󰁛

z∈k×

󰁝

N(A)

󰀏󰀏󰀏󰀏Φ
󰀕󰀕

z zn
z

󰀖󰀖󰀏󰀏󰀏󰀏 dn,

which converges absolutely.
□

Then we have the following Poisson summation formula

Theorem 3.5. For f ∈ DL(std, 12)
(N(A),ψ\G(A)/N(A),ψ), we have

KTFL(std, 12)
(f) = KTFL(std∨, 12)

(Hstd,A(f)).

3.2. Poisson Summation Formula: An Indirect Proof. In this section, we give an
indirect proof of the Poisson summation formula, which is based on the classical Poisson
summation formula on the upstairs spaces Mat2(A) and Mat∨2 (A). The more important
thing in the view of this paper is the direct proof from the next section, and this section can
be viewed as a double-check that Theorem 3.5 coincides with the classical one. The reader
may also skip this section and move to the next section.

proof of Theorem 3.5. By linearity, we may assume f = ⊗′
νfν , with each fν being the twisted

push-forward of some Φν(x) ∈ S(Mat2,ν). Let Φ = ⊗′
νΦν ∈ S(Mat2(A)). Consider the

integral 󰁝

k\A

󰁝

k\A

󰁛

γ∈Mat2(k)

Φ

󰀕󰀕
1 n1

0 1

󰀖
γ

󰀕
1 n2

0 1

󰀖󰀖
ψ−1(n1 + n2) dn1 dn2.

A first observation is that we have the double coset decomposition

Mat2(k) = B(k)wB(k)
󰁊

B(k)
󰁊

{g ∈ Mat2(k) | g ∕= 0, det g = 0}
󰁊

{0}.

For the open Brahut cell, we have
󰁝

k\A

󰁝

k\A

󰁛

γ∈B(k)wB(k)

Φ

󰀕󰀕
1 n1

0 1

󰀖
γ

󰀕
1 n2

0 1

󰀖󰀖
ψ−1(n1 + n2) dn1 dn2

=

󰁝

k\A

󰁝

k\A

󰁛

γ∈T(k)

󰁛

δ1∈N(k)

󰁛

δ2∈N(k)

Φ

󰀕󰀕
1 n1

0 1

󰀖
δ1wγδ2

󰀕
1 n2

0 1

󰀖󰀖
ψ−1(n1 + n2) dn1 dn2

=

󰁝

A

󰁝

A

󰁛

γ∈T(k)

Φ

󰀕󰀕
1 n1

0 1

󰀖
wγ

󰀕
1 n2

0 1

󰀖󰀖
ψ−1(n1 + n2) dn1 dn2

=
󰁛

γ∈T(k)

󰁜

ν

󰁝

kν

󰁝

kν

Φν

󰀕󰀕
1 n1

0 1

󰀖
wγ

󰀕
1 n2

0 1

󰀖󰀖
ψ−1
ν (n1 + n2) dn1 dn2

=
󰁛

γ∈T(k)

f

( dt)
1
2

(γ).
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For the sum over B(k), we have
󰁝

k\A

󰁝

k\A

󰁛

γ∈B(k)

Φ

󰀕󰀕
1 n1

0 1

󰀖
γ

󰀕
1 n2

0 1

󰀖󰀖
ψ−1(n1 + n2) dn1 dn2

󰁝

k\A

󰁝

k\A

󰁛

γ∈T(k)

󰁛

δ∈N(k)

Φ

󰀕󰀕
1 n1

0 1

󰀖
δγ

󰀕
1 n2

0 1

󰀖󰀖
ψ−1(n1 + n2) dx dy

=

󰁝

x∈A

󰁝

y∈k\A

󰁛

γ∈T(k)

Φ

󰀕󰀕
1 n1

0 1

󰀖
γ

󰀕
1 n2

0 1

󰀖
γ−1 · γ

󰀖
ψ−1(n1 + n2) dn1 dn2.

Note that we have for γ =

󰀕
γ1 0
0 γ2

󰀖
,

󰀕
γ1 0
0 γ2

󰀖󰀕
1 n2

0 1

󰀖󰀕
γ1 0
0 γ2

󰀖−1

=

󰀕
1 γ1γ

−1
2 n2

0 1

󰀖
,

and make a change of variable by y 󰀁→ γ−1
1 γ2y and x 󰀁→ x− y, the above integral becomes

󰁝

x∈A

󰁝

y∈k\A
Φ

󰀕󰀕
1 n1

0 1

󰀖
γ

󰀖
ψ−1(n1 − n2 + γ−1

1 γ2n2) dn1 dn2,

with the integral over y being non-zero only when γ1 = γ2, in which case it is equal to

󰁛

γ∈Z(k)

󰁝

A
Φ

󰀕󰀕
1 n1

0 1

󰀖
γ

󰀖
ψ−1(n1) dn1,

where Z is the center of GL2 consisting of scalar matrices. This inner integral admits an
Euler product

󰁜

ν

󰁝

kν

Φν

󰀕󰀕
1 x
0 1

󰀖
γ

󰀖
ψ−1
ν (x) dx,

which according to Proposition 2.27 is
󰁛

t2∈k×
Ou,2,A(f)(t2).

Next, for the rank 1 matrices, it turns out that the only non-zero-sum is the following
󰁝

k\A

󰁝

k\A

󰁛

0 ∕=γ=(γij),γ12 ∕=0,det γ=0

Φ

󰀕󰀕
1 n1

0 1

󰀖
γ

󰀕
1 n2

0 1

󰀖󰀖
ψ−1(n1 + n2) dn1 dn2.

We can simplify the above sum, which is
󰁝

k\A

󰁝

k\A

󰁛

t1∈k×

󰁛

δ1∈N(k)

󰁛

δ2∈N(k)

Φ

󰀕󰀕
1 n1

0 1

󰀖
δ1

󰀕
0 0
t1 0

󰀖
δ2

󰀕
1 n2

0 1

󰀖󰀖
ψ−1(n1 + n2) dn1 dn2

=
󰁛

t1∈k×

󰁝

A

󰁝

A
Φ

󰀕󰀕
1 n1

0 1

󰀖󰀕
0 0
t1 0

󰀖󰀕
1 n2

0 1

󰀖󰀖
ψ−1(n1 + n2) dn1 dn2,

Also, note that this sum is nothing but
󰁛

t1∈k×
Ou,1,A(f)(t1).
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Then, the integral we start with is just

󰁛

t∈T(k)

f

( dt)
1
2

(t) +
󰁛

t1∈k×
Ou,1,A(f)(t1) +

󰁛

t2∈k×
Ou,2,A(f)(t2) = KTFL(std, 12)

(f).

For fixed n1, n2 ∈ N(A), we have the usual Poisson summation formula
󰁛

γ∈Mat2(k)

Φ(n1γn2) =
󰁛

γ∈Mat∨2 (k)

󰁥Φ(n−1
2 γn−1

1 ),

where 󰁥Φ := ⊗′
ν
󰁦Φν is the Fourier transform of Φ. Then we have
󰁝

k\A

󰁝

k\A

󰁛

γ∈Mat2(k)

Φ

󰀕󰀕
1 n1

0 1

󰀖
γ

󰀕
1 n2

0 1

󰀖󰀖
ψ−1(n1 + n2) dn1 dn2

=

󰁝

k\A

󰁝

k\A

󰁛

γ∈Mat∨(k)

󰁥Φ
󰀕󰀕

1 −n1

0 1

󰀖
γ

󰀕
1 −n2

0 1

󰀖󰀖
ψ−1(n1 + n2) dn1 dn2,

which is 󰁝

k\A

󰁝

k\A

󰁛

γ∈Mat∨(k)

󰁥Φ
󰀕󰀕

1 n1

0 1

󰀖
γ

󰀕
1 n2

0 1

󰀖󰀖
ψ(n1 + n2) dx dy

by changing n1 to −n1, and n2 to −n2. Similarly, we have

Mat∨2 (k) = B(k)wB(k)
󰁊

B(k)
󰁊

{g ∈ Mat∨2 (k) | g ∕= 0, det g = 0}
󰁊

{0},

and the same computation shows that
󰁝

k\A

󰁝

k\A

󰁛

γ∈B(k)wB(k)⊂Mat∨2

󰁥Φ
󰀕󰀕

1 n1

0 1

󰀖
γ

󰀕
1 n2

0 1

󰀖󰀖
ψ(n1 + n2) dn1 dn2 =

󰁛

t∈T(k)

Hstd,A(f)

( dt)
1
2

(t),

󰁝

k\A

󰁝

k\A

󰁛

γ∈B(k)⊂Mat∨2

󰁥Φ
󰀕󰀕

1 n1

0 1

󰀖
γ

󰀕
1 n2

0 1

󰀖󰀖
ψ(n1 + n2) dn1 dn2

=
󰁛

t1∈k×
O∨

u,2,A(Hstd,A(f))(t1),

and
󰁝

k\A

󰁝

k\A

󰁛

0 ∕=γ=(γij),γ12 ∕=0,det γ=0

󰁥Φ
󰀕󰀕

1 n1

0 1

󰀖
γ

󰀕
1 n2

0 1

󰀖󰀖
ψ(n1 + n2) dn1 dn2

=
󰁛

t2∈k×
O∨

u,1,A(Hstd,A(f))(t2).

Therefore, we obtain

KTFL(std, 12)
(f) = KTFL(std∨, 12)

(Hstd,A(f)).

□
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3.3. Poisson Summation Formula: A Direct Proof. In this section, we will use the
local properties we established in Section 2.1 and a two-step classical one-dimensional Poisson
Summation Formula to prove Theorem 3.5 directly. This is compatible with the local Hankel
transform in the sense that the local Hankel transform is a composition of two Fourier
transforms with some mysterious correction factors. The point of this section is that we
can give a proof of Theorem 3.5 independent of the Poisson summation formula on the
upstairs space, which has the potential to be generalized to other reductive groups and
Hankel transforms. This may be used to establish analytic properties of general automorphic
L-functions.

To begin with, let us assume f = ⊗′
νfν . For each fν , recall that we have the intermediate

half-densities and normalized intermediate functions defined in Definition 2.9:

ϕν := ψν(−eα1) ◦ Fψν

−󰂃∨2 ,
1
2

(fν),

󰁩ϕν =
ϕν(t1, t2)

| t1
t2
|
1
2
ν ( dt)

1
2

,

and write 󰁩ϕf := ⊗′
ν󰁩ϕν .

Lemma 3.6. For f ∈ D−
L(std, 12)

(N(A),ψ\G(A)/N(A),ψ), we have

󰁛

t∈T(k)

Hstd,A(f)

( dt)
1
2

(t) +
󰁛

t2∈k×
O∨

u,1,A(Hstd,A(f))(t2) =
󰁛

t1∈k,t2∈k×
󰁩ϕf (t1, t2),

where t =

󰀕
t1 0
0 t2

󰀖
.

Proof. According to Remark 2.21, we have

Hstd,ν(fν)

( dt)
1
2

(t) = |t1|−
1
2 |t2|

1
2

󰁝

kν

󰁩ϕν(t1, t2)ψ

󰀕
x

t1

󰀖
dx,

hence
󰁛

t∈T(k)

Hstd,A(f)

( dt)
1
2

(t) =
󰁛

(t1,t2)∈k××k×

Fψ,1,A(󰁩ϕf (·, t2))
󰀕
− 1

t1

󰀖

since |t1| = |t2| = 1 for t1, t2 ∈ k×. Thanks to Lemma 2.25, we have

O∨
u,1,A(Hstd,A(f)) =

󰁛

t2∈k×
|t2|Fψ,1,A(󰁩ϕf (·, t2))(0) =

󰁛

t2∈k×
Fψ,1,A(󰁩ϕf (·, t2))(0).

Combining them, we have

󰁛

t∈T(k)

Hstd,A(f)

( dt)
1
2

(t) +
󰁛

t2∈k×
O∨

u,1,A(Hstd,A(f))(t2)

=
󰁛

(t1,t2)∈k××k×

Fψ,1,A(󰁩ϕf (·, t2))
󰀕
− 1

t1

󰀖
+

󰁛

t2∈k×
Fψ,1,A(󰁩ψf (·, t2))(0)

=
󰁛

t2∈k×

󰁛

t1∈k

Fψ,1,A(󰁩ϕf (·, t2))(t1).
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Then, for each fixed t2 ∈ k×, since 󰁩ϕf is a function of Schwartz type according to Proposition
2.11, we can apply the classical Poisson summation formula to obtain the above is

󰁛

t1∈k,t2∈k×
󰁩ϕf (t1, t2).

□

Lemma 3.7. We have

󰁛

t1∈k,t2∈k×
󰁩ϕf (t1, t2)−

󰁛

t2∈k×
Ou,2,A(f)(t2) +

󰁛

t1∈k×
O∨

u,2,A(Hstd,A(f))(t1)

=
󰁛

t∈T(k)

f

( dt)
1
2

(t) +
󰁛

t1∈k×
Ou,1,A(f)(t1).

Proof. According to Definition 2.26, we have

󰁛

t2∈k×
Ou,2,A(f) =

󰁛

t2∈k×
󰁩ϕf (0, t2).

Write fν = | det t|νδ
1
2 (t)Ot(Φν) and Ot(Φ) = ⊗′

νOt(Φν), then according to Lemma 2.30, we
have

O∨
u,2,A(Hstd,A(f)) =

󰁛

z∈k×
|z|3Fψ,2,A(O(−z,·)(Φ))(0) =

󰁛

z∈k×
Fψ,2,A(O(−z,·)(Φ))(0).

Therefore, the left-hand side of the equality in this lemma is

󰁛

t1∈k,t2∈k×
󰁩ϕf (t1, t2)−

󰁛

t2∈k×
󰁩ϕf (0, t2) +

󰁛

z∈k×
Fψ,2,A(O(−z,·)(Φ))(0)

=
󰁛

t1∈k×,t2∈k×
󰁩ϕf (t1, t2) +

󰁛

z∈k×
Fψ,2,A(O(−z,·)(Φ))(0).

Use Lemma 2.10, we have the above is

󰁛

t1∈k×,t2∈k×
|t1|ψ

󰀕
−t2
t1

󰀖
Fψ,2,A(O(t1,·)(Φ))

󰀕
− 1

t2

󰀖
+

󰁛

z∈k×
Fψ,2,A(O(−z,·)(Φ))(0)

=
󰁛

t1∈k×,t2∈k×
Fψ,2,A(O(t1,·)(Φ))

󰀕
− 1

t2

󰀖
+

󰁛

z∈k×
Fψ,2,A(O(−z,·)(Φ))(0)

=
󰁛

t1∈k×

󰁛

t2∈k

Fψ,2,A(O(t1,·)(Φ))(t2).
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According to Proposition 2.8, for each t1 ∈ k×, O(t1,·)(Φ) is a function of Schwartz type, we
can apply the Poisson summation formula to it. Therefore we obtain

󰁛

t1∈k×

󰁛

t2∈k

Fψ,2,A(O(t1,·)(Φ))(t2) =
󰁛

t1∈k×

󰁛

t2∈k

O(t1,t2)(Φ)

=
󰁛

t1∈k×,t2∈k×
O(t1,t2)(Φ) +

󰁛

t1∈k×
O(t1,0)(Φ)

=
󰁛

t∈T(k)

f

( dt)
1
2

(t) +
󰁛

t1∈k×
Ou,1,A(f)(t1).

□
Combining these two lemmas, we get Theorem 3.5.

4. Kuznetsov Trace Formula with Godement-Jacquet Sections

In this section, we will first establish a Kuznetsov-type trace formula with test functions
being the Schwartz functions on the space of 2× 2 matrices. This is one example of a trace
formula with non-standard test functions. The geometric side will be related to Theorem
3.5, which allows us to apply the Poisson summation formula on the geometric side. The
spectrum side has already been studied in [Wu22].

Let Φ be a Schwartz function on Mat2(A). Then for s ∈ C with Re(s) > 1, we have
g 󰀁→ Φ(g)| det g|s · | det g| ∈ L1(GL2). For any unitary idele class character ω, consider the
right regular action Rω on L2(GL2(k)\GL2(A),ω). By calculating the Whittaker period of
the kernel function of R(Φ(·)| det ·|s+1), we will prove the following

Theorem 4.1. For Φ ∈ F(Mat2(A)), and s ∈ C with Re(s) > 1, we have

1

( dx)
1
2

󰁝

[Z]

KTF(Rz(Φ(x)( d
+x)

1
2
))ω(z)|z|2s d×z

=
󰁛

π cuspidal,ωπ=ω

󰁛

ϕ1.ϕ2∈B(π)

Z
󰀕
s+

1

2
,Φ, β(ϕ2,ϕ

∨
1 )

󰀖
Wψ−1

ϕ1
(I2)Wψ−1

ϕ2
(I2)

+
󰁛

χ∈ 󰁦R+k×\A×

󰁝 ∞

−∞

󰁛

e1,e2∈B(χ,ωχ−1)

Z
󰀕
s+

1

2
,Φ, βiτ (e2, e

∨
1 )

󰀖
Wψ−1

(iτ, e1)(1)Wψ(−iτ, e∨2 )(1)
dτ

4π

+

󰁝

[N]×[N]

K′(n1, n2)ψ
−1(n−1

1 n2) dn1 dn2,

with the last term being the Whittaker function of the Eisenstein series. For the undefined
terms, see the next two sections.

4.1. The Spectrum Side of the Trace Formula. First, let us set up notation on the
spectral side. We fix a section of the adelic norm map | · | : A× → R+ and identify R+ as a
subgroup of A×. Let ω be a unitary idele class character that is also trivial on R+. Denote
L2(GL2,ω) the space of functions ϕ : GL2(k)\GL2(A) → C such that

(1) ϕ(gz) = ω(z)ϕ(g), ∀g ∈ GL2(A) and z ∈ Z(A),

(2)

󰁝

Z(A)GL2(k)\GL2(A)
|ϕ(g)|2 dg < ∞.
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Then GL2(A) acts on it via the right regular action, and we denote this action by (Rω,L2(GL2,ω)).
Let (π, Vπ) be a cuspidal automorphic representation in (Rω,L2(GL2,ω)), we will use V

∞
π

to denote the subspace of smooth vectors. For ϕ ∈ V ∞
π , we write

Wψ
ϕ(g) :=

󰁝

[N]

ϕ(ng)ψ−1(n) dn

for the Whittaker function of ϕ.
Similarly let χ be a unitary character of R+k

×\A×, we can associate the principal series
πs := π(χ| · |s,ωχ−1| · |−s) for all s ∈ C, whose underlying Hilbert space is Vχ,ωχ−1 consisting
all the functions f : K → C satisfying

(1) f

󰀕󰀕
t1 u
0 t2

󰀖
g

󰀖
= χ(t1)ωχ

−1(t2)f(g),

(2)

󰁝

K

|f(k)|2 dk < ∞,

where K is the standard maximal compact subgroup of GL2(A), which is the tensor product
of Kν , and

Kν =

󰀻
󰀿

󰀽

SO2(R) if kν ∼= R
SU2(C) if kν ∼= C
GL2(oν) if ν < ∞

.

This space is common for all s ∈ C and the subspace of smooth vectors, although the actions
πs are different. In particular, πs is unitary if and only if s ∈ iR. To any smooth vector
e ∈ V ∞

χ,ωχ−1 , we associate a flat section e(s) in πs, from which we construct an Eisenstein
series

E(s, e)(g) :=
󰁛

γ∈B(k)\GL2(k)

e(s)(γg),

which converges for Re(s) ≫ 1 and admits a meromorphic continuation to s ∈ C. We write

Wψ(s, e)(g) :=

󰁝

[N]

E(s, e)(ng)ψ−1(n) dn =

󰁝

N(A)
e(wng)ψ−1(n) dn

for the Whittaker function of E(s, e).
For V = Vπ or Vχ,ωχ−1 , the underlying inner product identifies V with its dual V ∨. Define

ϕ∨ :=
ϕ

󰀂ϕ󰀂2 ∈ V ∨ for ϕ ∕= 0. The matrix coefficient β(ϕ2,ϕ
∨
1 ) and βs(e2, e

∨
1 ) for a pair of

non-zero vectors is defined to be

β(ϕ2,ϕ
∨
1 )(g) :=

〈π(g)ϕ2,ϕ1〉
󰀂ϕ1󰀂2

and βs(e2, e
∨
1 )(g) :=

〈πs(g)e2, e1〉
󰀂e1󰀂2

, ∀g ∈ GL2(A).

For a Schwartz function Φ on Mat2(A), we have the Godement-Jacquet zeta integrals for
β ∈ {β(ϕ2,ϕ

∨
1 ), βs(e2, e

∨
1 )}

Z(s′,Φ, β) :=

󰁝

GL2(A)
Φ(g)β(g)| det g|s′+ 1

2 dg,

which converges for Re(s) ≫ 1.
Let Φ be a Schwartz function on Mat2(A). Then for s ∈ C with Re(s) > 1, we have

g 󰀁→ Φ(g)| det g|s · | det g| ∈ L1(GL2) and it acts on (Rω,L2(GL2,ω)). For any ϕ ∈
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L2(GL2(k)\GL2(A),ω), we have for x ∈ GL2(A),

Rω(Φ(·)| det ·|s+1)ϕ(x) =

󰁝

GL2(A)
Φ(y)| det y|s+1ϕ(xy) dy

=

󰁝

GL2(A)
Φ(x−1y)| det x−1y|s+1ϕ(y) dy

=

󰁝

[GL2]

󰁛

γ∈GL2(k)

Φ(x−1γy)| det x−1y|s+1ϕ(y) dy

=

󰁝

GL2(k)Z(A)\GL2(A)

󰁝

[Z]

󰁛

γ∈GL2(k)

Φ(x−1γyz)|z|2s+2ω(z) d×z| det x−1y|s+1ϕ(y) dy.

We denote the corresponding kernel function

K(x, y) :=

󰁝

[Z]

󰁛

γ∈GL2(k)

Φ(x−1γyz)|z|2s+2ω(z) d×z · | det x−1y|s+1.

According to [Wu22, Theorem 2.10], we have the L2-spectrum decomposition

Theorem 4.2. When Re(s) > 1, the Fourier inversion of K(x, y) with respect to y in
L2(GL2,ω

−1) converges normally for (x, y) ∈ [GL2]× [GL2], and takes the form

K(x, y) =
󰁛

π cuspidal,ωπ=ω

󰁛

ϕ1.ϕ2∈B(π)

Z
󰀕
s+

1

2
,Φ, β(ϕ2,ϕ

∨
1 )

󰀖
ϕ1(x)ϕ

∨
2 (y)

+
󰁛

χ∈ 󰁦R+k×\A×

󰁝 ∞

−∞

󰁛

e1,e2∈B(χ,ωχ−1)

Z
󰀕
s+

1

2
,Φ, βiτ (e2, e

∨
1 )

󰀖
E(iτ, e1)(x)E(−iτ, e∨2 )(y)

dτ

4π

+
1

vol[PGL2]

󰁛

η∈ 󰁦k×\A×,η2=ω

󰀃
Φ(g)η(det g)| det g|s+1 dg

󰀄
η(det x)η(det y),

where B(π) is an orthogonal basis of K-isotypic vectors in π, B(χ,ωχ−1) is an orthogonal
basis of K-isotypic vectors in Vχ,ωχ−1.

Integrating the above formula against the prescribed character over [N]× [N], we obtain
󰁝

[N]×[N]

K(n1, n2)ψ
−1(n−1

1 n2) dn1 dn2

=
󰁛

π cuspidal,ωπ=ω

󰁛

ϕ1.ϕ2∈B(π)

Z
󰀕
s+

1

2
,Φ, β(ϕ2,ϕ

∨
1 )

󰀖
Wψ−1

ϕ1
(I2)Wψ

ϕ∨
2
(I2)

+
󰁛

χ∈ 󰁦R+k×\A×

󰁝 ∞

−∞

󰁛

e1,e2∈B(χ,ωχ−1)

Z
󰀕
s+

1

2
,Φ, βiτ (e2, e

∨
1 )

󰀖
Wψ−1

(iτ, e1)(I2)Wψ(−iτ, e∨2 )(I2)
dτ

4π
.

4.2. The Geometric Side of the Trace Formula. In this section, we will calculate the
integral of K(x, y) with the prescribed character over [N]× [N] from the geometric aspect.
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When Re(s) > 1, we have

󰁝

[N]×[N]

K(n1, n2)ψ
−1(n−1

1 n2) dn1 dn2

=

󰁝

[N]×[N]

󰁝

[Z]

󰁛

γ∈GL2(k)

Φ(n−1
1 γn2z)|z|2s+2ω(z) d×z · ψ−1(n−1

1 n2) dn1 dn2

=

󰁝

[Z]

󰁝

[N]×[N]

Φ(n1γn2z)ψ
−1(n1n2) dn1 dn2 · ω(z)|z|2s+2 d×z.

In addition to the kernel function K(x, y), we can also consider the following function
given by a similar summation over rank 1 rational matrices when Re(s) ≫ 1:

K′(x, y) : =

󰁝

[Z]

󰁛

γ∈Mat2(k),rankγ=1

Φ(x−1γyz)ω(z)|z|2s+2 d×z · | det x−1y|s+1.

According to [Wu22, Section 2.2], when Re(s) ≫ 1, denote

R(x, y) :=

󰁝

[Z]

󰁛

γ∈k×
Φ

󰀕
x−1

󰀕
0 γ
0 0

󰀖
yz

󰀖
ω(z)|z|2s+2 d×z · | det x−1y|s+1

=

󰁝

A×
Φ

󰀕
x−1

󰀕
0 z
0 0

󰀖
y

󰀖
ω(z)|z|2s+2 d×z · | det x−1y|s+1.

It is easy to see that for fixed x, y 󰀁→ R(x, y) belongs to the induced model of the principle

series representation π(| · |s+ 1
2 ,ω−1| · |−s− 1

2 ), and for fixed y, x 󰀁→ R(x, y) is in π(ω| · |s+ 1
2 , | ·

|−s− 1
2 ). Note that the action of GL2(k) × GL2(k) on the rank 1 rational matrices admits a

single orbit and the stabilizer group of the line consisting of the elements

󰀕
0 γ
0 0

󰀖
, γ ∈ k×

is B(k)× B(k), therefore,

K′(x, y) =
󰁛

γ1∈B(k)\GL2(k)

󰁛

γ2∈B(k)\GL2(k)

R(γ1x, γ2y)

is an Eisenstein series in each variable.
For notational simplicity, let us still write KTF for the composition of KTF and the twisted

push-forward from D(Mat2(A)) to DL(std, 12)
(N(A),ψ\G/N(A),ψ). Then, the geometric side

can be written as
󰁝

[Z]

KTF(Rz(Φ(x)( d
+x)

1
2 ))ω(z)|z|2s d×z−

󰁝

[N]×[N]

K′(n1, n2)ψ
−1(n−1

1 n2) dn1 dn2, Re(s) ≫ 1,

and Theorem 4.1 holds.
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5. Analytic Continuation

In this section, we will prove the analytic continuation of terms in Theorem 4.1 except for
the cuspidal part. It will be independent of the Godement-Jacquet theory and the Poisson
summation formula on Mat2(A). For simplicity, denote

I(s) :=
󰁝

[Z]

KTF(Rz(Φ(x)( d
+x)

1
2 ))ω(z)|z|2s d×z, Re(s) > 1,

Ib(s) :=

󰁝

[N]×[N]

K′(n1, n2)ψ
−1(n−1

1 n2) dn1 dn2, Re(s) ≫ 1,

Icusp(s) :=
󰁛

π cuspidal,ωπ=ω

󰁛

ϕ1.ϕ2∈B(π)

Z
󰀕
s+

1

2
,Φ, β(ϕ2,ϕ

∨
1 )

󰀖
Wψ−1

ϕ1
(I2)Wψ

ϕ∨
2
(I2),

and also when Re(s) > 1:

IEis(s)

:=
󰁛

χ∈ 󰁦R+k×\A×

󰁝 ∞

−∞

󰁛

e1,e2∈B(χ,ωχ−1)

Z
󰀕
s+

1

2
,Φ, βiτ (e2, e

∨
1 )

󰀖
Wψ−1

(iτ, e1)(I2)Wψ(−iτ, e∨2 )(I2)
dτ

4π
.

We may choose Φ to be K-finite, hence the summation of χ, e1, e2 in IEis is finite and we
denote

Iχ,e1,e2(s) :=

󰁝 ∞

−∞
Z
󰀕
s+

1

2
,Φ, βiτ (e2, e

∨
1 )

󰀖
Wψ−1

(iτ, e1)(I2)Wψ(−iτ, e∨2 )(I2)
dτ

4π
.

5.1. Analytic Continuation of I(s). In this section, we will study the convergence of
I(s). According to the calculation in Section 3.2, write

O1 =
󰁊

β∈k×,γ∈k

N(k)

󰀕
0 γ
β 0

󰀖
N(k), O2 =

󰁊

α∈k×
N(k)

󰀕
α 0
0 α

󰀖
N(k),

and

Ki(z) :=

󰁝

[N]×[N]

󰁛

γ∈Oi

Φ(n1γn2z)ψ
−1(n1 + n2) dn2 dn2,

then we have

I(s) =
󰁝

[Z]

(K1(z) + K2(z))ω(z)|z|2s+2 d×z.

For the first term, we have

K1(z) =

󰁝

A2

󰁛

β∈k×,γ∈k

Φ

󰀕󰀕
1 n1

0 1

󰀖󰀕
0 γ
β 0

󰀖󰀕
1 n2

0 1

󰀖
z

󰀖
ψ−1(n1 + n2) dn1 dn2

=

󰁝

A2

󰁛

β∈k×,γ∈k

Φ

󰀕󰀕
βn1z γz + βn1n2z
βz βn2z

󰀖󰀖
ψ−1(n1 + n2) dn1 dn2.

Applying the Poisson summation formula, we have

󰁛

γ∈k

Φ

󰀕󰀕
βn1z γz + βn1n2z
βz βn2z

󰀖󰀖
= |z|−1

󰁛

γ∈k

Fψ,2Φ

󰀕󰀕
βn1z γz−1

βz βn2z

󰀖󰀖
ψ(βn1n2γz

−1).
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Integral over n2 ∈ A, we have
󰁝

n2∈A

󰁛

γ∈k

Φ

󰀕󰀕
βn1z γz + βn1n2z
βz βn2z

󰀖󰀖
ψ−1(n2) dn2

= |z|−1

󰁝

n2∈A

󰁛

γ∈k

Fψ,2Φ

󰀕󰀕
βn1z γz−1

βz βn2z

󰀖󰀖
ψ−1(n2 − βn1n2γz

−1) dn2

= |z|−2
󰁛

γ∈k

Fψ,4Fψ,2Φ

󰀕󰀕
βn1z γz−1

βz β−1z−1 − n1γz
−2

󰀖󰀖
.

We need the following lemma:

Lemma 5.1. Let Φ ∈ F(A). Then we have for any N > 1,
󰁛

α∈k×
|Φ(αz)| ≪N min{|z|−1, |z|−N}.

Proof. This elementary estimation appeared in [GJ72] without proof. For a detailed proof,
see [Wu19]. □

According to the above lemma, we have

K1(z) ≪N1 |z|−3 min{|z|−1, |z|−N1}(1 + min |z|, |z|N2).

As for K2(z), we have

K2(z) =

󰁝

A

󰁛

α∈k×
Φ

󰀕󰀕
αz αzn
0 αz

󰀖󰀖
ψ−1(n) dn = |z|−1

󰁛

α∈k×
Fψ,2Φ

󰀕󰀕
αz α−1z−1

0 αz

󰀖󰀖

≪N1,N2 |z|−1 min{|z|−1, |z|−N1}min{|z|, |z|N2}.
Combining all these, we have

Proposition 5.2.
󰁝

z∈[Z],|z|≥1

KTF(Rz(Φ(x)( d
+x)

1
2 ))ω(z)|z|2s d×z

is convergent for all s ∈ C and defines an entire function.

When Re(s) > 1, by applying Theorem 3.5, we have

KTF(Rz(Φ(x)( dx)
1
2 )) = KTF(󰁦Rz(Φ)(x)( dx)

1
2 ),

and note that
󰁦Rz(Φ)(x) = |z|−4󰁥Φ(z−1x), ∀x ∈ Mat2(A), z ∈ Z(A).

Hence we have
󰁦Rz(Φ)(x)( dx)

1
2 = Rz(󰁥Φ(x)( d+x)

1
2 )|z|−2.

Therefore,
󰁝

|z|<1

KTF(Rz(Φ(x)( d
+x)

1
2 ))ω(z)|z|2s d×z =

󰁝

|z|<1

KTF(Rz(󰁥Φ(x)( d+x)
1
2 ))ω(z)|z|2s d×z,

which is absolutely convergent for all s ∈ C and defines an entire function according to the
above Proposition and the GL2×GL2 action on Mat∨2 that we defined in Section 2. Therefore
we have
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Proposition 5.3. I(s) admits an analytic continuation to an entire function on s ∈ C.

5.2. Analytic Continuation of IEis. In this section we will prove the analytic continuation
of IEis, for which it suffices to show the analytic continuation of Iχ,e1,e2(s) for each triple
(χ, e1, e2). Write z for the coordinate of the inner integral of τ , i.e.,

Iχ,e1,e2(s) =

󰁝 ∞

−∞
Z
󰀕
s+

1

2
,Φ, βiτ (e2, e

∨
1 )

󰀖
Wψ−1

(iτ, e1)(I2)Wψ(−iτ, e∨2 )(I2)
dτ

4π

=

󰁝

Re(z)=0

Z
󰀕
s+

1

2
,Φ, βz(e2, e

∨
1 )

󰀖
Wψ−1

(z, e1)(I2)Wψ(−z, e∨2 )(I2)
dz

4πi
.

According to [Wu22, proof of Theorem 2.10], we have

Z
󰀕
s+

1

2
,Φ, βz(e2, e

∨
1 )

󰀖

=

󰁝

(A×)2
Fψ,2(e∨1 Φe2)

󰀕󰀕
t1 0
0 t2

󰀖󰀖
|t1|s+

1
2
+zχ(t1)ωχ

−1(t2)|t2|s+
1
2
−z d×t1 d

×t2,

where

e∨1
Φe2(g) :=

󰁝

K2

e∨1 (k1)Φ(k
−1
1 gk2)e2(k2) dk1 dk2.

Then according to [Tat67], we know Z
󰀃
s+ 1

2
,Φ, βz(e2, e

∨
1 )
󰀄
is a meromorphic function by

itself. Then, we need to consider the case that the zeta integrals have poles on the line
Re(z) = 0, which could occur only when χ = 1 and χ = ω.

For any 0 < σ < 1
2
, and consider the case when 1

2
< Re(s) < 1

2
+ σ. According to

Stirling’s formula, we know Z
󰀕
s+

1

2
,Φ, βz(e2, e

∨
1 )

󰀖
is of rapid decay when Re(z) → ∞ for

0 < Re(z) < σ. According to [JZ87, Lemma 1, Page8], the Whittaker functions at value I2
are uniformly bounded on vertical strips. We can move the z-integral from Re(z) = 0 to
Re(z) = σ and pick up the poles, and obtain

󰁝

Re(z)=0

Z
󰀕
s+

1

2
,Φ, βz(e2, e

∨
1 )

󰀖
Wψ−1

(z)(I2)Wψ(−z)(I2)
dz

4πi

=

󰁝

Re(z)=σ

Z
󰀕
s+

1

2
,Φ, βz(e2, e

∨
1 )

󰀖
Wψ−1

(z, e1)(I2)Wψ(−z, e∨2 )(I2)
dz

4πi

− 1

2

󰁛

0<Re(z)<σ,s+ 1
2
±z=0,1

ResZ
󰀕
s+

1

2
,Φ, βz(e2, e

∨
1 )

󰀖
Wψ−1

(z, e1)(I2)Wψ(−z, e∨2 )(I2).

Note that the only possible residue in this region occurs when s+ 1
2
− z = 1, which implies

0 < Re(z) < σ automatically, and hence the residue part is just

−1

2
Resz=s− 1

2
Z
󰀕
s+

1

2
,Φ, βz(e2, e

∨
1 )

󰀖
·Wψ−1

󰀕
s− 1

2
, e1

󰀖
(I2)Wψ

󰀕
1

2
− s, e∨2

󰀖
(I2).

Since there is no pole on the line Re(z) = σ when 1
2
− σ < Re(s) < 1

2
+ σ, and the integral

is absolutely convergent. So we can extend Iχ,e1,e2(s) to Re(s) > 0.
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When 1
2
− σ < Re(s) < 1

2
, let us then move the z-integral to Re(z) = 0 again and pick up

the poles, we have

󰁝

Re(z)=σ

Z
󰀕
s+

1

2
,Φ, βz(e2, e

∨
1 )

󰀖
Wψ−1

(z, e1)(I2)Wψ(−z, e∨2 )(I2)
dz

4πi

− Resz=s− 1
2
Z
󰀕
s+

1

2
,Φ, βz(e2, e

∨
1 )

󰀖
Wψ−1

󰀕
s− 1

2
, e1

󰀖
(I2)Wψ

󰀕
1

2
− s, e∨2

󰀖
(I2)

=

󰁝

Re(z)=0

Z
󰀕
s+

1

2
,Φ, βz(e2, e

∨
1 )

󰀖
Wψ−1

(z, e1)(I2)Wψ(−z, e∨2 )(I2)
dz

4πi

+
1

2
Resz= 1

2
−sZ

󰀕
s+

1

2
,Φ, βz(e2, e

∨
1 )

󰀖
Wψ−1

󰀕
1

2
− s, e1

󰀖
(I2)Wψ

󰀕
s− 1

2
, e∨2

󰀖
(I2)

− 1

2
Resz=s− 1

2
Z
󰀕
s+

1

2
,Φ, βz(e2, e

∨
1 )

󰀖
Wψ−1

󰀕
s− 1

2
, e1

󰀖
(I2)Wψ

󰀕
1

2
− s, e∨2

󰀖
(I2).

Note that this can be analytically extended to −1
2
< Re(s) < 1

2
since there is pole on the

line Re(z) = 0 in this region.
Next consider the case that Re(s) < −1

2
+ σ, let us move the integral from Re(z) = 0 to

Re(z) = σ again, we have

󰁝

Re(z)=0

Z
󰀕
s+

1

2
,Φ, βz(e2, e

∨
1 )

󰀖
Wψ−1

(z, e1)(I2)Wψ(−z, e∨2 )(I2)
dz

4πi

+
1

2
Resz= 1

2
−sZ

󰀕
s+

1

2
,Φ, βz(e2, e

∨
1 )

󰀖
Wψ−1

󰀕
1

2
− s, e1

󰀖
(I2)Wψ

󰀕
s− 1

2
, e∨2

󰀖
(I2)

− 1

2
Resz=s− 1

2
Z
󰀕
s+

1

2
,Φ, βz(e2, e

∨
1 )

󰀖
Wψ−1

󰀕
s− 1

2
, e1

󰀖
(I2)Wψ

󰀕
1

2
− s, e∨2

󰀖
(I2)

=

󰁝

Re(z)=σ

Z
󰀕
s+

1

2
,Φ, βz(e2, e

∨
1 )

󰀖
Wψ−1

(z, e1)(I2)Wψ(−z, e∨2 )(I2)
dz

4πi

− 1

2
Resz=s+ 1

2
Z
󰀕
s+

1

2
,Φ, βz(e2, e

∨
1 )

󰀖
Wψ−1

󰀕
s+

1

2
, e1

󰀖
(I2)Wψ

󰀕
−s− 1

2
, e∨2

󰀖
(I2)

+
1

2
Resz= 1

2
−sZ

󰀕
s+

1

2
,Φ, βz(e2, e

∨
1 )

󰀖
Wψ−1

󰀕
1

2
− s, e1)(I2)Wψ(s− 1

2
, e∨2

󰀖
(I2)

− 1

2
Resz=s− 1

2
Z
󰀕
s+

1

2
,Φ, βz(e2, e

∨
1 )

󰀖
Wψ−1

󰀕
s− 1

2
, e1

󰀖
(I2)Wψ

󰀕
1

2
− s, e∨2

󰀖
(I2),
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which can be analytically continued to −σ− 1
2
< Re(s) < −1

2
+ σ. When −σ− 1

2
< Re(s) <

−1
2
, we could move the integral to Re(z) = 0 again, and we have finally

󰁝

Re(z)=σ

Z
󰀕
s+

1

2
,Φ, βz(e2, e

∨
1 )

󰀖
Wψ−1

(z, e1)(I2)Wψ(−z, e∨2 )(I2)
dz

4πi

− 1

2
Resz=s+ 1

2
Z
󰀕
s+

1

2
,Φ, βz(e2, e

∨
1 )

󰀖
Wψ−1

󰀕
s+

1

2
, e1

󰀖
(I2)Wψ

󰀕
−s− 1

2
, e∨2

󰀖
(I2)

+
1

2
Resz= 1

2
−sZ

󰀕
s+

1

2
,Φ, βz(e2, e

∨
1 )

󰀖
Wψ−1

󰀕
1

2
− s, e1

󰀖
(I2)Wψ

󰀕
s− 1

2
, e∨2

󰀖
(I2)

− 1

2
Resz=s− 1

2
Z
󰀕
s+

1

2
,Φ, βz(e2, e

∨
1 )

󰀖
Wψ−1

󰀕
s− 1

2
, e1

󰀖
(I2)Wψ

󰀕
1

2
− s, e∨2

󰀖
(I2)

=

󰁝

Re(z)=0

Z
󰀕
s+

1

2
,Φ, βz(e2, e

∨
1 )

󰀖
Wψ−1

(z, e1)(I2)Wψ(−z, e∨2 )(I2)
dz

4πi

+
1

2
Resz=−s− 1

2
Z
󰀕
s+

1

2
,Φ, βz(e2, e

∨
1 )

󰀖
Wψ−1

󰀕
−s− 1

2
, e1

󰀖
(I2)Wψ

󰀕
s+

1

2
, e∨2

󰀖
(I2)

− 1

2
Resz=s+ 1

2
Z
󰀕
s+

1

2
,Φ, βz(e2, e

∨
1 )

󰀖
Wψ−1

󰀕
s+

1

2
, e1

󰀖
(I2)Wψ

󰀕
−s− 1

2
, e∨2

󰀖
(I2)

+
1

2
Resz= 1

2
−sZ

󰀕
s+

1

2
,Φ, βz(e2, e

∨
1 )

󰀖
Wψ−1

󰀕
1

2
− s, e1

󰀖
(I2)Wψ

󰀕
s− 1

2
, e∨2

󰀖
(I2)

− 1

2
Resz=s− 1

2
Z
󰀕
s+

1

2
,Φ, βz(e2, e

∨
1 )

󰀖
Wψ−1

󰀕
s− 1

2
, e1

󰀖
(I2)Wψ

󰀕
1

2
− s, e∨2

󰀖
(I2).

And this can be extended to all Re(s) < −1
2
. To summarize, we have

Proposition 5.4. IEis(s) can be analytically extended to all s ∈ C. Moreover, for each
χ, e2, e1, the analytic continuation of

Iχ,e1,e2(s) =

󰁝

Re(z)=0

Z
󰀕
s+

1

2
,Φ, βz(e2, e

∨
1 )

󰀖
Wψ−1

(z, e1)(1)Wψ(−z, e∨2 )(1)
dz

4πi
, Re(s) >

1

2

has the following expressions:

• 0 < Re(s) ≤ 1

2
:

Iχ,e1,e2 =

󰁝

Re(z)=σ

Z
󰀕
s+

1

2
,Φ, βz(e2, e

∨
1 )

󰀖
Wψ−1

(z, e1)(I2)Wψ(−z, e∨2 )(I2)
dz

4πi

− 1

2
Resz=s− 1

2
Z
󰀕
s+

1

2
,Φ, βz(e2, e

∨
1 )

󰀖
Wψ−1

󰀕
s− 1

2
, e1

󰀖
(I2)Wψ

󰀕
1

2
− s, e∨2

󰀖
(I2),

where 0 < σ <
1

2
is such that

1

2
− σ < Re(s).
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• −1

2
< Re(s) ≤ 0:

Iχ,e1,e2 =

󰁝

Re(z)=0

Z
󰀕
s+

1

2
,Φ, βz(e2, e

∨
1 )

󰀖
Wψ−1

(z, e1)(I2)Wψ(−z, e∨2 )(I2)
dz

4πi

+
1

2
Resz= 1

2
−sZ

󰀕
s+

1

2
,Φ, βz(e2, e

∨
1 )

󰀖
Wψ−1

󰀕
1

2
− s, e1

󰀖
(I2)Wψ

󰀕
s− 1

2
, e∨2

󰀖
(I2)

− 1

2
Resz=s− 1

2
Z
󰀕
s+

1

2
,Φ, βz(e2, e

∨
1 )

󰀖
Wψ−1

󰀕
s− 1

2
, e1

󰀖
(I2)Wψ

󰀕
1

2
− s, e∨2

󰀖
(I2).

• −1 < Re(s) ≤ −1

2
:

Iχ,e1,e2 =

󰁝

Re(z)=σ

Z
󰀕
s+

1

2
,Φ, βz(e2, e

∨
1 )

󰀖
Wψ−1

(z, e1)(I2)Wψ(−z, e∨2 )(I2)
dz

4πi

− 1

2
Resz=s+ 1

2
Z
󰀕
s+

1

2
,Φ, βz(e2, e

∨
1 )

󰀖
Wψ−1

󰀕
s+

1

2
, e1

󰀖
(I2)Wψ

󰀕
−s− 1

2
, e∨2

󰀖
(I2)

+
1

2
Resz= 1

2
−sZ

󰀕
s+

1

2
,Φ, βz(e2, e

∨
1 )

󰀖
Wψ−1

󰀕
1

2
− s, e1)(I2)Wψ(s− 1

2
, e∨2

󰀖
(I2)

− 1

2
Resz=s− 1

2
Z
󰀕
s+

1

2
,Φ, βz(e2, e

∨
1 )

󰀖
Wψ−1

󰀕
s− 1

2
, e1

󰀖
(I2)Wψ

󰀕
1

2
− s, e∨2

󰀖
(I2),

where 0 < σ <
1

2
is such that −1

2
− σ < Re(s).

• Re(s) ≤ −1:

Iχ,e1,e2(s) =

󰁝

Re(z)=0

Z
󰀕
s+

1

2
,Φ, βz(e2, e

∨
1 )

󰀖
Wψ−1

(z, e1)(I2)Wψ(−z, e∨2 )(I2)
dz

4πi

+
1

2
Resz=−s− 1

2
Z
󰀕
s+

1

2
,Φ, βz(e2, e

∨
1 )

󰀖
Wψ−1

󰀕
−s− 1

2
, e1

󰀖
(I2)Wψ

󰀕
s+

1

2
, e∨2

󰀖
(I2)

− 1

2
Resz=s+ 1

2
Z
󰀕
s+

1

2
,Φ, βz(e2, e

∨
1 )

󰀖
Wψ−1

󰀕
s+

1

2
, e1

󰀖
(I2)Wψ

󰀕
−s− 1

2
, e∨2

󰀖
(I2)

+
1

2
Resz= 1

2
−sZ

󰀕
s+

1

2
,Φ, βz(e2, e

∨
1 )

󰀖
Wψ−1

󰀕
1

2
− s, e1

󰀖
(I2)Wψ

󰀕
s− 1

2
, e∨2

󰀖
(I2)

− 1

2
Resz=s− 1

2
Z
󰀕
s+

1

2
,Φ, βz(e2, e

∨
1 )

󰀖
Wψ−1

󰀕
s− 1

2
, e1

󰀖
(I2)Wψ

󰀕
1

2
− s, e∨2

󰀖
(I2).

We will conclude this section with a more careful study of the residues occurring in the
above analytic continuation of Iχ,e1,e2(s). Let us start with the following definitions from
[Wu22, Section 4]:

Definition 5.5. For any Schwartz function Φ ∈ F(Mat2(A)), and a unitary character χ of
R+k

×\A×, we define for g1, g2 ∈ GL2(A) and Re(s) ≫ 1,

fΦ(g1, g2;χ| · |2s+
3
2 , ∗) :=

󰁝

A×
Fψ,2L(g1)R(g2)Φ

󰀕󰀕
t 0
0 0

󰀖󰀖
χ(t)|t|2s+1 d×t · | det g−1

1 g2|s+1,
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and

fΦ(g1, g2;χ| · |2s+
3
2 , 󰂏) :=

󰁝

A×
Fψ,2L(g1)R(g2)Φ

󰀕󰀕
0 0
0 t

󰀖󰀖
χ(t)|t|2s+1 d×t · | det g−1

1 g2|s+1.

Both of them can be analytically extended to s ∈ C. Note that fΦ(g1, g2;χ| · |2s+
3
2 , ∗) defines

a vector in the tensor product π(χ| · |s+ 1
2 , | · |−s− 1

2 ) ⊗ π(χ−1| · |−s− 1
2 , | · |s+ 1

2 ). We denote by

(M × f)Φ(g1, g2;χ| · |2s+
3
2 , ∗) the image under the intertwining operator with respect to the

first variable. Similarly, fΦ(g1, g2;χ| · |2s+
3
2 , 󰂏) ∈ π(| · |−s− 1

2 ,χ| · |s+ 1
2 )⊗π(| · |s+ 1

2 ,χ−1| · |−s− 1
2 ),

and we denote (f ×M)Φ(g1, g2;χ| · |2s+
3
2 , 󰂏) its image under the intertwining operator with

respect to the second variable.

Lemma 5.6. We have

(M× f)Φ(g1, g2;χ| · |2s+
3
2 , ∗) = (f ×M)Φ(g1, g2;χ| · |2s+

3
2 , 󰂏).

Proof. It suffices to prove the equation for g1 = g2 = I2 since the general case follows from
this special case by taking L(g1)R(g2)Φ instead of Φ. By definition, when Re(s) ≫ 1, we
have

(M× f)Φ(I2, I2;χ| · |2s+
3
2 , ∗)

=

󰁝

A

󰁝

A×

󰁝

A
Φ

󰀕󰀕
1 −n
0 1

󰀖
w−1

󰀕
t x
0 0

󰀖󰀖
dxχ(t)|t|2s+1 d×t dn

=

󰁝

A

󰁝

A×

󰁝

A
Φ

󰀕󰀕
0 −nt
0 t

󰀖
w

󰀕
1 xt−1

0 1

󰀖󰀖
dxχ(t)|t|2s+1 d×t dn

= (f ×M)Φ(I2, I2;χ| · |2s+
3
2 , 󰂏).

□

Proposition 5.7. When Re(s) ≪ 1, denote

󰁥Ib(s) :=

󰁝

A×

󰁝

A2

󰁥Φ
󰀕󰀕

1 n1

0 1

󰀖󰀕
0 0
z 0

󰀖󰀕
1 n2

0 1

󰀖󰀖
ψ(n1 + n2)ω(z)|z|2−2s d×z

dual to I(s), then we have

(1) When Re(s) ≫ 1 and χ = ω,

󰁛

e1,e2∈B(ω,1)

Resz=s+ 1
2
Z
󰀕
s+

1

2
,Φ, βz(e2, e

∨
1 )

󰀖
Wψ−1

󰀕
s+

1

2
, e1

󰀖
(I2)Wψ

󰀕
−s− 1

2
, e∨2

󰀖
(I2)

= Ib(s).

(2) When Re(s) ≪ 1 and χ = ω,

󰁛

e1,e2∈B(ω,1)

Resz=s− 1
2
Z
󰀕
s+

1

2
,Φ, βz(e2, e

∨
1 )

󰀖
Wψ−1

󰀕
s− 1

2
, e1

󰀖
(I2)Wψ

󰀕
−s+

1

2
, e∨2

󰀖
(I2)

= −󰁥Ib(s).
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(3) When Re(s) ≫ 1 and χ = 1, we have

󰁛

e1,e2∈B(1,ω−1)

Resz=−s− 1
2
Z
󰀕
s+

1

2
,Φ, βz(e2, e

∨
1 )

󰀖
Wψ−1

󰀕
−s− 1

2

󰀖
(I2)Wψ

󰀕
s+

1

2

󰀖
(I2)

= −Ib(s).

(4) When Re(s) ≪ 1 and χ = 1,

󰁛

e1,e2∈B(ω,1)

Resz=−s+ 1
2
Z
󰀕
s+

1

2
,Φ, βz(e2, e

∨
1 )

󰀖
Wψ−1

󰀕
−s+

1

2
, e1

󰀖
(I2)Wψ

󰀕
s− 1

2
, e∨2

󰀖
(I2)

= 󰁥Ib(s).

Proof. We start with (1). When Re(s) ≫ 1, from [Tat67] we know

Resz=s+ 1
2
Z
󰀕
s+

1

2
,Φ, βz(e2, e

∨
1 )

󰀖
=

󰁝

A×
Fψ,2(e∨1 Φe2)

󰀕󰀕
t 0
0 0

󰀖󰀖
ω(t)|t|2s+1 d×t

= f
e∨1

Φe2
(I2, I2;ω| · |2s+

3
2 , ∗).

Consider the decomposition

fΦ(g1, g2;ω| · |2s+
3
2 , ∗)

=
󰁛

e1∈B(χ,1)

󰁛

e2∈B(χ,1)

󰁝

K2

fΦ(k1, k2) dk1 dk2e
∨
1 (k1)e2(k2)e1

󰀕
s+

1

2

󰀖
(g1)e

∨
2

󰀕
−s− 1

2

󰀖
(g2).

Note that
󰁝

K2

fΦ(k1, k2)e
∨
1 (k1)e2(k2) dk1 dk2

=

󰁝

K2

󰁝

A×
Fψ,2L(k1)L(k2)Φ

󰀕󰀕
t 0
0 0

󰀖󰀖
ω(t)|t|2s+1 d×te∨1 (k1)e2(k2) dk1 dk2

=

󰁝

A×

󰁝

K2

Fψ,2L(k1)R(k2)Φ

󰀕󰀕
t 0
0 0

󰀖󰀖
e∨1 (k1)e2(k2) dk1 dk2ω(t)|t|2s+1 d×t

=

󰁝

A×
Fψ,2(e∨1 Φe2)

󰀕󰀕
t 0
0 0

󰀖󰀖
ω(t)|t|2s+1 d×t,

we have the Whittaker function of fΦ(g1, g2;ω| · |2s+
3
2 , ∗) at (I2, I2) is

󰁛

e1,e2∈B(χ,1)

f
e∨1

Φe2
(I2, I2;ω| · |2s+

3
2 , ∗)Wψ−1

󰀕
s+

1

2
, e1

󰀖
(I2)Wψ

󰀕
−s− 1

2
, e∨2

󰀖
(I2).

On the other hand, according to [Wu22, Lemma 4.9], this Whittaker function is given by
the integral

󰁝

A×

󰁝

A2

Φ

󰀕󰀕
1 n1

0 1

󰀖󰀕
0 0
z 0

󰀖󰀕
1 n2

0 1

󰀖󰀖
ψ−1(n1 + n2) dn1 dn2ω(z)|z|2s+2 d×z,

which is exactly Ib(s).
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For (3),the residue is given by the following integral when Re(s) ≫ 1

Resz=−s− 1
2
Z
󰀕
s+

1

2
,Φ, βz(e2, e

∨
1 )

󰀖
= −

󰁝

A×
Fψ,2(e∨1 Φe2

)

󰀕󰀕
0 0
0 t

󰀖󰀖
|t|2s+1ω(t) d×t

= −f
e∨1

Φe2
(I2, I2;ω| · |2s+

3
2 , 󰂏).

Similarly, we have

󰁛

e1,e2∈B(1,ω−1)

fΦ(I2, I2;ω| · |2s+
3
2 , 󰂏)Wψ−1

󰀕
−s− 1

2

󰀖
(I2)Wψ

󰀕
s+

1

2

󰀖
(I2)

is the Whittaker function of fΦ(g1, g2;ω|·|2s+
3
2 , 󰂏) at (I2, I2). But according to Lemma 5.6 and

[GJ79], the intertwining operator does not change the Eisenstein series and the Whittaker

functions. So the value of the Whittaker function of fΦ(g1, g2;ω| · |2s+
3
2 , 󰂏) at (I2, I2) is also

the value of the Whittaker function of fΦ(g1, g2;ω| · |2s+
3
2 , ∗), which is Ib(s) according to part

(1).
For (2), when Re(s) ≪ 1, using the functional equations of GL1 zeta integrals, we have

Resz=s− 1
2
Z
󰀕
s+

1

2
,Φ, βz(e2, e

∨
1

󰀖

= −
󰁝

A×
Fψ,1Fψ,4Fψ,2(e∨1 Φe2)

󰀕󰀕
t 0
0 0

󰀖󰀖
ω(t)|t|1−2s d×t.

Note that for any g1, g2 ∈ GL2(A), we have

Fψ,2L(g1)R(g2)󰁥Φ = Fψ,2
󰁦L(g2)R(g1)Φ| det g−1

1 g2|2.

Using the Fourier inversion formula, we have

Fψ,2
󰁦L(g2)R(g1)Φ

󰀕󰀕
x11 x12

x21 x22

󰀖󰀖
= Fψ,2Fψ,1Fψ,4L(g2)R(g1)Φ

󰀕󰀕
x11 x12

−x21 x22

󰀖󰀖
.

Then, according to a similar argument, we have

󰁛

e1,e2∈B(ω,1)

Resz=s− 1
2
Z
󰀕
s+

1

2
,Φ, βz(e2, e

∨
1 )

󰀖
Wψ−1

󰀕
s− 1

2
, e1

󰀖
(I2)Wψ

󰀕
−s+

1

2
, e∨2

󰀖
(I2)

=

󰁝

A×

󰁝

A2

󰁥Φ
󰀕󰀕

1 n1

0 1

󰀖󰀕
0 0
z 0

󰀖󰀕
1 n2

0 1

󰀖󰀖
ψ(n1 + n2)ω(z)|z|2−2s d×z.

Finally (4) is a combination of the above (1), (2) and (3), and we leave the verification to
the readers. □

Remark 5.8. From the above Proposition, the residues are nothing but the Whittaker func-
tion of the kernel function given by the summation over the rank 1 rational matrices. In
this sense, the boundary term appears as the residue of the Eisenstein series in the spectrum
decomposition of the kernel function via analytic continuation.
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5.3. Analytic Continuation of Ib(s). In this section, we will study the analytic continu-
ation of the boundary term Ib(s). A first observation is that when Re(s) ≫ 1,

󰁝

[N]

K′(x, n)ψ−1(n) dn =

󰁝

N(A)

󰁛

γ∈B(k)\GL2(k)

R(γx, wn)ψ−1(n) dn

=

󰁝

N(A)

󰁛

γ∈B(k)\GL2(k)

󰁝

A×
Φ

󰀕
x−1γ−1

󰀕
0 z
0 0

󰀖
wn

󰀖
ψ−1(n)ω(z)|z|2s+2 d×z| det x−1|s+1 dn

=
󰁛

γ∈B(k)\GL2(k)

󰁝

A

󰁝

A×
LγxΦ

󰀕󰀕
z zn
0 0

󰀖󰀖
ω(z)|z|2s+2 d×z| det x−1|s+1ψ−1(n) dn

=
󰁛

γ∈B(k)\GL2(k)

󰁝

A×
Fψ,2LγxΦ

󰀕󰀕
z z−1

0 0

󰀖󰀖
ω(z)|z|2s+1 d×z| det x−1|s+1.

Note that the inner integral is convergent for all s ∈ C. Now consider the section

GL2(A)× C → C : (g, s) 󰀁→ fs(g) :=

󰁝

A×
Fψ,2LgΦ

󰀕󰀕
z z−1

0 0

󰀖󰀖
ω(z)|z|2s+1 d×z| det g−1|s+1.

This is a section of the induced principal series for all s ∈ C, and let

E(fs)(g) :=
󰁛

γ∈B(k)\GL2(k)

fs(γg)

be the corresponding Eisenstein series. When Re(s) ≫ 1, we have
󰁝

[N]

K′(n1, n2)ψ
−1(n−1

1 n2) dn1 dn2 =

󰁝

[N]

E(fs)(n)ψ(n) dn =

󰁝

N(A)
fs(wn)ψ(n) dn.

Then, the analytic continuation comes from the general theory of the Eisenstein series.
Note that we have

Fψ,2LxΦ

󰀕󰀕
x11 x12

x21 x22

󰀖󰀖
=

󰁝

A
LxΦ

󰀕󰀕
x11 y
x21 x22

󰀖󰀖
ψ−1(yx22) dy.

Then for x = w

󰀕
1 n
0 1

󰀖
∈ GL2(A), we have

Fψ,2LxΦ

󰀕󰀕
z z−1

0 0

󰀖󰀖
=

󰁝

A
Φ

󰀕󰀕
−nz −ny
z y

󰀖󰀖
ψ−1(yz−1) dy.

Then integral over n and make a change of variable by y 󰀁→ zn1, n 󰀁→ −n2, we have
󰁝

[N]×[N]

K′(n1, n2)ψ
−1(n−1

1 n2) dn1 dn2

=

󰁝

A2

󰁝

A×
Φ

󰀕󰀕
zn2 zn1n2

z zn1

󰀖󰀖
ψ−1(n1 + n2)ω(z)|z|2s+2 d×z dn1 dn2.

This also coincides with the calculation in Section 3.2.
Note that from here we can see that Ib(s) admits an Euler product

󰁜

ν

󰁝

k2ν

󰁝

k×ν

Φν

󰀕󰀕
zn2 zn1n2

z zn1

󰀖󰀖
ψ−1
ν (n1 + n2)ων(z)|z|2s+2 d×z dn1 dn2.

Let us finish this section with the unramified calculation.
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Proposition 5.9. Let Φν = 1Mat2(oν), and ψν is unramified, then we have
󰁝

k2ν

󰁝

k×ν

Φν

󰀕󰀕
zn2 zn1n2

z zn1

󰀖󰀖
ψ−1
ν (n1 + n2)ων(z)|z|2s+2 d×z dn1 dn2 = 1− ων(ϖν)q

−(2s+2)

if we normalize the measure d×z such that vol(o×ν , d
×z) = 1. So let S be a finite set of places

of k containing all the Archimedean places and such that for all v /∈ S we have Φν = 1Mat2(oν),
ψν is unramified and vol(o×ν , d

×z) = 1, then we have

󰁜

ν /∈S

󰁝

k2ν

󰁝

k×ν

Φν

󰀕󰀕
zn2 zn1n2

z zn1

󰀖󰀖
ψ−1
ν (n1 + n2)ων(z)|z|2s+2 d×z dn1 dn2 =

1

LS(ω, 2s+ 2)
,

where LS(ω, s) is the partial Dirichlet L-function.

Proof. A first observation is that
󰁝

k2ν

󰁝

k×ν

Φν

󰀕󰀕
zn2 zn1n2

z zn1

󰀖󰀖
ψ−1(n1 + n2)ω(z)|z|2s+2 d×z dn1 dn2

=
∞󰁛

m=0

󰁝

ϖm
ν o×ν

ων(ϖν)
mq−m(2s+2)

ν

󰁝

|zn1|≤1,|zn2|≤1,|zn1n2|≤1

ψ−1
ν (n1 + n2) dn1 dn2 d

×z.

We first fix z such that z ∈ ϖm
ν o

×
ν , and then n1 ∈ ϖm1

ν o×ν with m + m1 ≥ 0. Then the
condition for n2 is

|n2| ≤ min{qm, qm+m1}.
Therefore, the inner integral becomes

󰁝

|zn1|≤1,|zn2|≤1,|zn1n2|≤1

ψ−1
ν (n1 + n2) dn1 dn2

=
0󰁛

m1=−m

󰁝

n1∈ϖ
m1
ν o×ν

ψ−1
ν (n1) dn1

󰁝

|n2|≤qm+m1

ψ−1
ν (n2) dn2

+
∞󰁛

m1=1

󰁝

n1∈ϖ
m1
ν o×ν

ψ−1
ν (n1) dn1

󰁝

|n2|≤qm
ψ−1
ν (n2) dn2

=

󰁝

n1∈ϖ−m
ν o×ν

ψ−1
ν (n1) dn1 + q−1

󰁝

|n2|≤qm
ψ−1
ν (n2) dn2

=

󰀻
󰀿

󰀽

1 if m = 0
−1 if m = 1
0 if m ≥ 2

.

Hence
󰁝

k2ν

󰁝

k×ν

Φν

󰀕󰀕
zn2 zn1n2

z zn1

󰀖󰀖
ψ−1(n1 + n2)ω(z)|z|2s+2 d×z dn1 dn2

= 1− ων(ϖν)q
−(2s+2).

□

Corollary 5.10. The cuspidal part Icusp(s) admits an analytic continuation to all s ∈ C.
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6. Functional Equations in the Trace Formula

In this section, we will explain that Theorem 3.5 is responsible for the functional equations

of standard L-functions of GL2. Let Φ be a Schwartz function on Mat2(A) as before and 󰁥Φ
its Fourier transform. Denote for x, y ∈ Mat∨2 (A)

󰁥K(x, y) :=

󰁝

[Z]

󰁛

γ∈GL2(k)

󰁥Φ(zy−1γx)ω−1(z)|z|−2s+2 d×z · | det y−1x|−s+1,

and

󰁥K′(x, y) :=

󰁝

[Z]

󰁛

γ∈Mat2(k),rankγ=1

󰁥Φ(zy−1γx)ω−1(z)|z|−2s+2 d×z · | det y−1x|−s+1.

Let

󰁥I(s) :=
󰁝

[Z]

KTF(Rz(󰁥Φ(x)( d+x)
1
2 ))ω(z)|z|2s d×z,

and

󰁥Icusp(s) :=
󰁛

π cuspidal,ωπ=ω

󰁛

ϕ1.ϕ2∈B(π)

Z
󰀕
−s+

1

2
, 󰁥Φ, β∨(ϕ2,ϕ

∨
1 )

󰀖
Wψ−1

ϕ1
(I2)Wψ

ϕ∨
2
(I2).

It is also easy to see that 󰁥Ib(s) defined in Proposition 5.7 is

󰁥Ib(s) =

󰁝

[N]×[N]

󰁥K′(n1, n2)ψ
−1(n−1

1 n2) dn1 dn2.

By identifying Mat∨2 with Mat2 and replace Φ by 󰁥Φ in Proposition 5.2, we see 󰁥I(s), 󰁥IEis(s)

and 󰁥Icusp(s) also admit meromorphic continuations to all s ∈ C. Then according to Theorem
3.5 again, we have

Proposition 6.1. I(s) = 󰁥I(s) for all s ∈ C.

Proof. Because both of them are
󰁝

z∈[Z],|z|≥1

KTF(Rz(Φ(x)( d
+x)

1
2 ))ω(z)|z|2s d×z +

󰁝

|z|<1

KTF(Rz(󰁥Φ(x)( d+x)
1
2 ))ω(z)|z|2s d×z

as in the proof of Proposition 5.2. □

According to [Wu22, Theorem 2.10] by considering the action of g 󰀁→ 󰁥Φ(g−1)| det g|s−1 on

(Rω,L2(GL2,ω)), we have the spectrum decomposition of 󰁥K(x, y):

󰁥K(x, y) =
󰁛

π cuspidal,ωπ=ω

󰁛

ϕ1.ϕ2∈B(π)

Z
󰀕
−s+

1

2
, 󰁥Φ, β∨(ϕ2,ϕ

∨
1 )

󰀖
ϕ1(x)ϕ

∨
2 (y)

+
󰁛

χ∈ 󰁦R+k×\A×

󰁝 ∞

−∞

󰁛

e1,e2∈B(χ,ωχ−1)

Z
󰀕
−s+

1

2
, 󰁥Φ, β∨

iτ (e2, e
∨
1 )

󰀖
E(iτ, e1)(x)E(−iτ, e∨2 )(y)

dτ

4π

+
1

vol[PGL2]

󰁛

η∈ 󰁦k×\A×,η2=ω

󰀃
Φ(g)η(det g)| det g|−s+1 dg

󰀄
η(det x)η(det y),
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and integrate it against the same character over [N]× [N], we obtain
󰁝

[N]×[N]

󰁥K(n1, n2)ψ
−1(n−1

1 n2) dn1 dn2

=
󰁛

π cuspidal,ωπ=ω

󰁛

ϕ1.ϕ2∈B(π)

Z
󰀕
−s+

1

2
, 󰁥Φ, β∨(ϕ2,ϕ

∨
1 )

󰀖
Wψ−1

ϕ1
(I2)Wψ

ϕ∨
2
(I2)

+
󰁛

χ∈ 󰁦R+k×\A×

󰁝 ∞

−∞

󰁛

e1,e2∈B(χ,ωχ−1)

Z
󰀕
−s+

1

2
, 󰁥Φ, βiτ (e2, e

∨
1 )

󰀖
Wψ−1

(iτ, e1)(I2)Wψ(−iτ, e∨2 )(I2)
dτ

4π
.

Then when Re(s) < −1 we have

󰁥I(s) =
󰁝

Z(k)\Z(A)
KTF(Rz(󰁥Φ(x)( d+x)

1
2 ))ω(z)|z|2s d×z

=

󰁝

[N]×[N]

󰀓
󰁥K(n1, n2) + 󰁥K′(n1, n2)

󰀔
ψ−1(n−1

1 n2) dn2 dn2

=
󰁛

π cuspidal,ωπ=ω

󰁛

ϕ1.ϕ2∈B(π)

Z
󰀕
−s+

1

2
, 󰁥Φ, β∨(ϕ2,ϕ

∨
1 )

󰀖
Wψ−1

ϕ1
(I2)Wψ

ϕ∨
2
(I2)

+
󰁛

χ∈ 󰁦R+k×\A×

󰁝 ∞

−∞

󰁛

e1,e2∈B(χ,ωχ−1)

Z
󰀕
−s+

1

2
, 󰁥Φ, β∨

iτ (e2, e
∨
1 )

󰀖
Wψ−1

(iτ, e1)(I2)Wψ(−iτ, e∨2 )(I2)
dτ

4π

+

󰁝

[N]×[N]

󰁥K′(n1, n2)ψ
−1(n−1

1 n2) dn1 dn2.

Because

Z
󰀕
s+

1

2
,Φ, βiτ (e2, e

∨
1 )

󰀖

=

󰁝

(A×)2
Fψ,2(e∨1 Φe2)

󰀕
t1 0
0 t2

󰀖
χ(t1)|t1|s+

1
2
+iτχ−1(t2)|t2|s+

1
2
−iτ d×t1 d

×t2,

and

Fψ,2((e∨1
󰁥Φe2)) = Fψ,2( 󰁦(e2Φe∨1

)) = Fψ,1Fψ,4Fψ,2(e2Φe∨1
)

󰀕
· ·
−· ·

󰀖
,

we can apply the functional equations of GL1 zeta integrals to obtain

Z
󰀕
−s+

1

2
, 󰁥Φ, β∨

iτ (e2, e
∨
1 )

󰀖

=

󰁝

(A×)2
Fψ,1Fψ,4Fψ,2(e2Φe∨1

)

󰀕
t1 0
0 t2

󰀖
χ(t1)|t1|−s+ 1

2
+iτχ−1(t2)|t2|−s+ 1

2
−iτ d×t1 d

×t2

=

󰁝

(A×)2
Fψ,2(e2Φe∨1

)

󰀕
t1 0
0 t2

󰀖
χ−1(t1)|t1|s+

1
2
−iτχ(t2)|t2|s+

1
2
+iτ d×t1 d

×t2

= Z
󰀕
s+

1

2
,Φ, β−iτ (e

∨
1 , e2)

󰀖
.
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Therefore
󰁛

χ∈ 󰁦R+k×\A×

󰁝 ∞

−∞

󰁛

e1,e2∈B(χ,ωχ−1)

Z
󰀕
−s+

1

2
, 󰁥Φ, β∨

iτ (e2, e
∨
1 )

󰀖
Wψ−1

(iτ, e1)(I2)Wψ(−iτ, e∨2 )(I2)
dτ

4π

=
󰁛

χ∈ 󰁦R+k×\A×

󰁝 ∞

−∞

󰁛

e1,e2∈B(χ,ωχ−1)

Z
󰀕
s+

1

2
,Φ, β−iτ (e

∨
1 , e2)

󰀖
Wψ−1

(iτ, e1)(I2)Wψ(−iτ, e∨2 )(I2)
dτ

4π
.

By making τ 󰀁→ −τ and change the role of e with e∨, we have the above is

󰁛

χ∈ 󰁦R+k×\A×

󰁝 ∞

−∞

󰁛

e1,e2∈B(χ,ωχ−1)

Z
󰀕
s+

1

2
,Φ, βiτ (e2, e

∨
1 )

󰀖
Wψ−1

(iτ, e1)(I2)Wψ(−iτ, e∨2 )(I2)
dτ

4π

= I(s)−
󰀕
−1

2
Ib(s)

󰀖
+

󰀕
1

2
Ib(s)

󰀖
− 1

2
󰁥Ib(s) +

󰀕
−1

2
󰁥Ib(s)

󰀖
,

i.e.,
󰁥IEis(s) = IEis(s) + Ib(s)− 󰁥Ib(s).

Combining with Proposition 6.1 and Theorem 4.1, we obtain the functional equations of the
cuspidal parts:

Corollary 6.2.

Icusp(s) = 󰁥Icusp(s).

7. Isolation of the Spectrum

Let S be a finite set of places of k containing all the Archimedean places. Denote by
F(Mat2(A))S the subspace of Schwartz functions on Mat2(A) consisting of vectors of the
form

ΦS ⊗ν /∈S 1Mat2(oν).

For simplicity, denote Φ◦,S := ⊗ν /∈S1Mat2(oν) and write ΦS as elements in F(Mat2(A))S by
tensoring this basic vector. Let HS be the unramified Hecke algebra outside S

HS := ⊗′
ν /∈SH(G(kν),Kν).

Then we get a family of functionals first when Re(s) > 1

KTFS(s) : HS ⊗ F(Mat2(A))S → C

h⊗ ΦS 󰀁→
󰁝

[Z]

KTF(Rz(ΦS ⊗ (h 󰂏 Φ◦,S)(x)( d+x)
1
2 ))ω(z)|z|2s d×z,

By analytic continuation from Section 5, we obtain a family KTFS(s) for s ∈ C.
By Satake isomorphism, we have for each non-Archimedean place ν,

H(G(kν),Kν) ∼= C[G∨ //G∨],

where the action is by conjugation. Hence

HS ∼= C

󰀥
󰁜

ν /∈S

(G∨ //G∨)

󰀦
,
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where regular functions are restricted tensor products of regular functions on finite factors

with respect to the constant function 1. This isomorphism is denoted by h 󰀁→ 󰁥h. Since every
automorphic representation that is unramified outside of S determines a point on

󰁜

ν /∈S

G∨ //G∨

and is determined by it due to strong multiplicity one. Let

US ⊂
󰁜

ν /∈S

G∨ //G∨

be the subset corresponding to the unitary ones with given central character ω, which is
compact with the product Hausdorff topology. Let

R = {[π(ω| · |s+ 1
2 , | · |−s− 1

2 )] : s ∈ C}.
We write

C[US ∪ R] = C

󰀥
󰁜

ν /∈S

(G∨ //G∨)

󰀦
,

by restriction. Then we have

Lemma 7.1. C[US∪R] is dense on the space C(US∪R) of continuous functions on US∪R,
where the latter is equipped with the inductive limit topology of uniform convergence on
compact subsets.

Proof. According to the choice of the topology here, it suffices to show for any compact subset
C, the restriction of C[US ∪ R] to C is dense in C(C), and it suffices to show polynomial
functions in C[US ∪ R] are closed under complex conjugation, which is [Sak19a, Lemma
5.1.1]. □

Fix an element ΦS ∈ F(Mat2(A))S, then we can view KTFS(s) as a functional on HS,
which can be extended to a continuous functional on C(US∪R), hence a finite measure with
compact support:

Lemma 7.2. KTFS(s) can be extended to a finite measure with compact support on C(US ∪
R).

Proof. To avoid confusion, for a Schwartz function Φ on Mat2(A), denote KΦ(x, y) to be the
kernel function associated to Φ defined by

KΦ(x, y) :=

󰁝

[Z]

󰁛

γ∈GL2(k)

Φ(x−1γyz)ω(z)|z|2s+2 d×z · | det x−1y|s+1

as in the previous sections. And similarly for K′
Φ(x, y),

󰁥K󰁥Φ(x, y) and
󰁥K′

󰁥Φ(x, y).

When Re(s) > 1, according to [Wu17, Lemma 3.25], we can choose some compact subset
Ω of G(A) containing a fundamental domian of [N], then we have for y ∈ Ω

|KΦS⊗h󰂏Φ◦,S(x, y)| ≪

󰀳

󰁃󰀂(1 +∆∞)N+AKΦ(x, ·)󰀂L2(GL2,ω) +
󰁛

χ2=ω

󰀂Fχ◦det(K(x, ·))󰀂

󰀴

󰁄 · 󰀂󰁥h󰀂L∞(US),

(7.1)

where Φ = ΦS ⊗ Φ◦,S, N ∈ N depends only on the field k, A is some real number large
enough, ∆∞ is the Laplacian operator defined as in [Wu17, Section 3.5], and Fχ◦det is the



POISSON SUMMATION FORMULA AND KUZNETSOV TRACE FORMULA ON GL2 43

spectrum projectors defined as in [Wu17, Section 2.2]. Note that the right-hand-side of (7.1)
is a continuous function for the x-variable, then after we integrate it over [N], we see

󰁝

[N]×[N]

K(n1, n2)ψ
−1(n−1

1 n2) ≪ 󰀂󰁥h󰀂L∞(US),

where the implict constant depends on ΦS, s and the underground field k. Also note that
according to [Wu22, Theorem 2.10], we have

(1 +∆∞)N+AKΦ(x, y) ≪ Ht(y)1−s,

where the hight function Ht is as defined in [Wu22, Section 1.2]. Then, when Re(s) is fixed,
the implicit constant can be chosen to be independent of s.

According to Section 4.2, as the kernel function K′
ΦS⊗(h󰂏Φ◦,S)(x, y) is an Eisenstein series

and the action of h is given by the value of the delta distribution of 󰁥h on the principal series
π(ω| · |s+ 1

2 , | · |−s− 1
2 ), we get the desired extension when Re(s) > 1.

When Re(s) < −1, combine Proposition 6.1 and the fundamental lemma Proposition 2.22,
we have

KTFS(s)(h) ≪ 󰀂󰁥h󰀂L∞(US) + |󰁥h(π(ω| · |s− 1
2 , | · |−s+ 1

2 ))|,(7.2)

which means KTFS(s) is also a finite measure of compact support.
When −1 ≤ Re(s) ≤ 1, we will use the Phragmen-Lindelof principle to bound KTFS(s).

First, let us fix 󰂃 > 0 and consider the case when Re(s) = 1 + 󰂃. As Re(s) = 1 + 󰂃 is fixed,
there is some compact set C′ of

󰁜

ν /∈S

(G∨ //G∨)

such that C′ contains {[π(ω| · |s+ 1
2 , | · |−s− 1

2 )] : s ∈ C,Re(s) = 1 + 󰂃}, hence

󰀂󰁥h󰀂L∞(US) + |󰁥h(π(ω| · |s− 1
2 , | · |−s+ 1

2 ))| ≤ 󰀂󰁥h󰀂L∞(C), Re(s) = 1 + 󰂃,

where C := US ∪ C′ is compact. Moreover, when Re(s) = 1 + 󰂃, the growth of

(1 +∆∞)N+AKΦ(x, ·)

on any Seigel domain is bounded by Ht(y)−󰂃, so are 󰀂(1 + ∆∞)N+AKΦ(x, ·)󰀂L2(GL2,ω) and
󰀂Fχ◦det(K(x, ·))󰀂. Combine them together, and we have

|KTFS(s)(h)| ≪ 󰀂󰁥h󰀂L∞(C),

when Re(s) = 1+ 󰂃, with the implicit constant independent of s, i.e., there is some constant

B′ such that |KTFS(s)(h)| ≤ B′󰀂󰁥h󰀂L∞(C) for any s with Re(s) = 1 + 󰂃. A similar argument

applied to the case that Re(s) = −1− 󰂃 due to Theorem 3.5, with replacing Φ by 󰁥Φ. Then
we obtain that there is some constant B > 0 such that

|KTFS(s)(h)| ≤ B󰀂󰁥h󰀂L∞(C), Re(s) = 1 + 󰂃 or − 1− 󰂃.
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Next let us show that KTFS(s)(h) is bounded if h fixed when −1 − 󰂃 ≤ Re(s) ≤ 1 + 󰂃.
According to the Lemma 3.4, when −1− 󰂃 ≤ Re(s) ≤ 1 + 󰂃, we have
󰁝

z∈[Z],|z|≥1

󰀏󰀏󰀏KTF(Rz(ΦS ⊗ h 󰂏 Φ◦,S)( dx)
1
2 )ω(z)|z|2s

󰀏󰀏󰀏 d×z

≤
󰁝

z∈[Z],|z|≥1

󰁝

N(A)×N(A)

󰁛

t1∈k×,t2∈k

󰀏󰀏󰀏󰀏Fψ,2(ΦS ⊗ (h 󰂏 Φ◦,S))

󰀕󰀕
t1n1z

t2
z

t1z t1n2z

󰀖󰀖󰀏󰀏󰀏󰀏 |z|
2s+2 dn1 dn2 d

×z

+

󰁝

z∈Z(A),|z|≥1

󰁝

N(A)

󰀏󰀏󰀏󰀏Φ
󰀕󰀕

z zn
0 z

󰀖󰀖󰀏󰀏󰀏󰀏 |z|
2s+2 d×z.

According to Lemma 5.1, there is some function 󰁨Φ′ of Schwartz type such that

󰁛

,t2∈k

󰀏󰀏󰀏󰀏Fψ,2(ΦS ⊗ (h 󰂏 Φ◦,S))

󰀕󰀕
t1n1z

t2
z

t1z t1n2z

󰀖󰀖󰀏󰀏󰀏󰀏 ≪ (1 + |z|)󰁨Φ′(t1z),

hence there is another Schwartz function 󰁨Φ such that󰁝

z∈[Z],|z|≥1

󰀏󰀏󰀏KTF(Rz(ΦS ⊗ h 󰂏 Φ◦,S)( dx)
1
2 )ω(z)|z|2s

󰀏󰀏󰀏 d×z

≪
󰁝

z∈Z(A),|z|≥1

(1 + |z|)󰁨Φ(z)(|z|2s + |z|2s+1) d×z ≪ 1, −1− 󰂃 ≤ Re(s) ≤ 1 + 󰂃.

Apply the same argument to 󰁨Φ, and make use of Proposition 6.1, we have

KTFS(s)(h) =

󰁝

z∈[Z],|z|≥1

KTF(Rz((ΦS ⊗ h 󰂏 Φ◦,S)(x)( d+x)
1
2 ))ω(z)|z|2s d×z

+

󰁝

|z|<1

KTF(Rz( 󰁦ΦS ⊗ h 󰂏 Φ◦,S(x)( d+x)
1
2 ))ω(z)|z|2s d×z ≪ 1, −1− 󰂃 ≤ Re(s) ≤ 1 + 󰂃.

Finally, fix h and apply the Phragmen-Lindelof principle ([Rud87, Theorem 12.8]) to the
holomorphic function s 󰀁→ KTFS(s)(h), we have

|KTFS(s)(h)| ≤ B󰀂󰁥h󰀂L∞(C), −1− 󰂃 ≤ Re(s) ≤ 1 + 󰂃,

which means KTFS(s) is also a finite measure when −1 ≤ Re(s) ≤ 1.
□

We denote 󰁥Gaut, the set of automorphic representations appearing in the Plancherel for-

mula for L2(GL2,ω). We consider 󰁥Gaut as a subset of

lim
→

US

in the obvious sense, and we freely talk about 󰁥Gaut as a subset of US, meaning its intersection

with US. We denote 󰁥Gcusp the subset of 󰁥Gaut consisting of cuspidal representations and 󰁥GEis

the subset of principle series. Then 󰁥Gcusp is a countable number points and 󰁥GEis is a countable
union of lines. Both of them are measurable sets with respect to the standard Borel structure
on US.

Then, combined with the spectral expansion, we have
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Theorem 7.3. For fixed ΦS and all s ∈ C, The functional KTFS(s) is a finite complex

measure νΦS
on 󰁥Gcusp ∪ 󰁥GEis ∪ R. The measure νΦS

is equal to

󰁛

ϕ1.ϕ2∈B(π)

Z
󰀕
s+

1

2
,Φ, β(ϕ2,ϕ

∨
1 )

󰀖
Wψ−1

ϕ1
(I2)Wψ

ϕ∨
2
(I2) dπ

on 󰁥Gcusp when Re(s) > 1. It admits an analytic continuation to all s ∈ C and satisfies the
functional equation

󰁛

ϕ1.ϕ2∈B(π)

Z
󰀕
s+

1

2
,Φ, β(ϕ2,ϕ

∨
1 )

󰀖
Wψ−1

ϕ1
(I2)Wψ

ϕ∨
2
(I2)

=
󰁛

ϕ1.ϕ2∈B(π)

Z
󰀕
−s+

1

2
, 󰁥Φ, β∨(ϕ2,ϕ

∨
1 )

󰀖
Wψ−1

ϕ1
(I2)Wψ

ϕ∨
2
(I2).

In particular, we get the analytic continuation of L(s, π, st). Moreover,

L

󰀕
s+

1

2
, π, st

󰀖
= 󰂃

󰀕
s+

1

2
, π

󰀖
L

󰀕
−s+

1

2
, π, st∨

󰀖
.

where L
󰀃
s+ 1

2
, π, st

󰀄
is the complete L-function.

Proof. We only need to prove the analytic continuation and functional equations of L-
functions. Write π = ⊗′

νπν according to [Fla79]. For ϕ ∈ B(π), write

ϕ = ⊗′
ν∈|k|ϕν .

Then we have an Euler product

Z
󰀕
s+

1

2
,Φ, β(ϕ2,ϕ

∨
1 )

󰀖
=

󰁜

ν∈|k|

Zν

󰀕
s+

1

2
,Φν , β(ϕ2,ν ,ϕ

∨
1,ν)

󰀖
,

where

Zν

󰀕
s+

1

2
,Φν , β(ϕ2,ν ,ϕ

∨
1,ν)

󰀖
:=

󰁝

G(kν)

Φν(g)β(ϕ2,ν ,ϕ
∨
1,ν)(g)| det g|s+1

ν dg.

For non-Archimedean ν, let ϕ◦
ν be the unique newvector of πν as in [JPSS81, Theorem (5)]

up to scalar. For Archimedean ν, let ϕ◦
ν be the unique highest weight vector of πν . Denote

ϕ◦ = ⊗′ϕ◦
ν . Then choose Φ◦ = ⊗′

νΦ
◦
ν such that Φ◦

ν is as in [Hum21, Theorem 1.2] and as
in [Lin18, Theorem 1.1]. Then, since the K-type of Φ◦ is fixed, according to the uniqueness
of the newvector in the non-Archimedean case and the highest weight vector in the non-
Archimedean case, we have

Z
󰀕
s+

1

2
,Φ◦, β(ϕ2,ϕ

∨
1 )

󰀖
∕= 0

if and only if ϕ1 = ϕ2 = ϕ◦. Moreover, in this case

Z
󰀕
s+

1

2
,Φ◦, β(ϕ◦,ϕ◦)

󰀖
= L

󰀕
s+

1

2
, π, st

󰀖
.

Then we get the analytic continuation of L(s, π, st).
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As for the functional equations, according to [GJ72, Theorem 3.3, Proposition 6.12], there
is an epsilon factor 󰂃(s, π) such that

󰁛

ϕ1.ϕ2∈B(π)

Z
󰀕
−s+

1

2
,󰁦Φ◦, β∨(ϕ2,ϕ

∨
1 )

󰀖
Wψ−1

ϕ1
(I2)Wψ

ϕ∨
2
(I2)

= Wψ−1

ϕ◦ (I2)Wψ
ϕ◦,∨(I2)󰂃

󰀕
s+

1

2
, π

󰀖
L

󰀕
−s+

1

2
, π∨, st

󰀖
,

we may get

L

󰀕
s+

1

2
, π, st

󰀖
= 󰂃

󰀕
s+

1

2
, π

󰀖
L

󰀕
−s+

1

2
, π, st∨

󰀖
.

□
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